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Q^ I Abstract 

' The Grothendieck construction is a process to form a single category from a diagram of smaU categories. 

, In this paper, we extend the definition of the Grothendieck construction to diagrams of small categories 

enriched over a symmetric monoidal category satisfying certain conditions. Symmetric monoidal categories 
r—{ I satisfying the conditions in this paper include the category of fc-modules over a commutative ring k, the 

■ category of chain complexes, the category of simplicial sets, the category of topological spaces, and the 

I ' category of modern spectra. In particular, we obtain a generalization of the orbit category construction 

in [CM06]. We also extend the notion of graded categories and show that the Grothendieck construction 
I— I ■ takes values in the category of graded categories. Our definition of graded category does not require any 

' coproduct decompositions and generalizes fc-linear graded categories indexed by small categories defined in 

^ ! [Low08]. 

• ' There are two popular ways to construct functors from the category of graded categories to the category 

'-pi I of oplax functors. One of them is the smash product construction defined and studied in [CM06, Asaa, Asab] 

, for fc-linear categories and the other one is the fiber functor. We construct extensions of these functors for 

^ ' enriched categories and show that they are "right adjoint" to the Grothendieck construction in suitable 

senses. 

As a byproduct, we obtain a new short description of small enriched categories. 
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1 Introduction 

1.1 The Grothendieck Construction 

Given a diagram of small categories 

X : I — > Categories 

indexed by a small category 7, there is a way to form a single category Gr(X), called the Grothendieck con- 
struction on X . The construction first appeared in §8 of Expose VI in [SGA71]. It can be used to prove an 
equivalence of categories of prestacks and fibered categories 

Gr : Prestacks(J) < — > Fibered(/) : T, (1) 

where Prestacks (7) is the category of lax presheaves (contravariant lax functors satisfying certain conditions) 

X-.r^ — > Categories 

and Fibered(7) is the category of fibered categories 

TT -.E >I 

over 7, which is a full subcategory of the category of prefibered categories Prefibered(7) over 7. See [Hoi, Vis], 
for example. 

It was Quillen who first realized the usefulness of (pre)fibered categories in homotopy theory. In particular, 
he proved famous Theorem A and B for the classifying spaces of small categories in [Qui73] . The Grothendieck 
construction was used implicitly in the proofs of these theorems. Subsequently, the classifying space of the 
Grothendieck construction of a diagram of categories was studied by Thomason [Tho79] who found a description 
in terms of the homotopy colimit construction of Bousfield and Kan [BK72] 

B Gr (X) ~ hocplim BoX, (2) 

where 

B : Categories — > Spaces 

is the classifying space functor described, for example, in [Scg68]. 

Since then the Grothendieck construction has been one of the most indispensable tools in homotopy theory 
of classifying spaces, as is exposed by Dwyer [DHOl]. The work of Quillen [Qui78] suggests the usefulness of 
the classifying space techniques in combinatorics in which posets are one of the central objects of study. When 
the indexing category 7 is a poset and the functor X takes values in the category of posets, the Grothendieck 
construction of X is called the poset limit of X. Thomason's homotopy colimit description (2) has been proved 
to be useful in topological combinatorics. See [WZZ99], for example. 

When G is a group regarded as a category with a single object, giving a functor 

X : G — > Categories 

is equivalent to giving a category X equipped with a left action of G. The Grothendieck construction has been 
used implicitly in this context. One of the most fundamental examples is the semidirect product of groups. 
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The translation groupoid G k X for an action of a topological group G on a space X used in the study of 
orbifolds [Moe02] is another example. When X takes values in posets, Borcherds [Bor98] called the Grothendieck 
construction the homotopy quotient of X by G. This terminology is based on Thomason's homotopy equivalence 
(2) 

BGriX) ~ hocolimBX ^ EG Xq BX 

G 

and the fact that the Borel construction EG Xq BX is regarded as a "homotopy theoretic quotient" of BX 
under the action of G. 

Algebraists have been studying group actions on fc-linear categories 

X : G — > fc-Categories 

and several "quotient category" constructions are known in relation to covering theory of fc-linear categories. 
It turns out that some of them [CM06, Asaa, Asab] are equivalent to a fc-linear version of the Grothendieck 
construction. More general diagrams of fc-lincar categories arc considered by Gcrstenhabcr and Schack in their 
study of deformation theory. In particular, the Grothendieck construction was used in [GS83a] in a process of 
assembling a diagram A of fc-linear category into an algebra A\. 

Thomason's theorem also suggests the Grothendieck construction can be regarded as a kind of colimit con- 
struction. It is also stated in Thomason's paper that the construction can be naturally extended to oplax 
functors. (See Definition 2.42 for oplax functors.) In fact, category theorists studied the Grothendieck con- 
struction as a model of 2-colimits in the bicategory of small categories. It was proved by J. Gray [Gra69] (also 
stated in [Tho79]) that the Grothendieck construction regarded as a functor 

Gr : Oplax(/, Categories) — > Categories 

is left adjoint to the diagonal (constant) functor 

< 

A : Categories — > OpIax(/, Categories), 

< 

where Oplax(7, Categories) is the 2-category of oplax functors. 

The original motivation for the Grothendieck construction in [SGA71] and the equivalence (1) suggest, 
however, we should regard Gr as a functor 

< < 

Gr : OpIax(/, Categories) — > Categories J, J, 



where Categories J, / is a 2-category of comma categories over / whose morphisms are relaxed by taking "left 
natural transformations" into account. See §2.4 for precise definitions. 

On the other hand, the orbit category construction in [CM06, Asaa] gives rise to a functor 

Gr : Funct(G, fc-Categories) — > fc-Categoriesc, 



where fc-Categoriesc is the 2-category of G-graded fc-linear categories. In a recent paper [Asab] Asashiba 
proved that this functor induces an equivalence of 2-categories 

< < 

Gr : Funct(G, fc-Categories) < — > fc-Categoriesc : T. (3) 

As is suggested by the similarity between this equivalence and (1), we should regard the orbit category con- 
struction as a fc-linear version of the Grothendieck construction. 

This ubiquity of the Grothendieck construction suggests us to work in a more general framework. For 
example, when we study the derived category of a fc-linear category equipped with a group action, it would be 
useful if we have a general theory of the Grothendieck construction for dg categories, i.e. categories enriched 
over the category of chain complexes, which can be regarded as a model for enhanced triangulated categories 
according to Bondal and Kapranov [BK90]. Another important model of enhanced triangulated categories is 
the notion of stable quasicategory (stable (oo, l)-category) by Lurie [Lur], which is closely related to stable 
simplicial categories appeared in a work of Toen and Vezzosi [TV04], i.e. categories enriched over the category 
of simplicial sets. 
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1.2 Gradings of Categories 

In order to fully understand the meaning of the above similarities and attack the problem of extending the 
Grothendieck eonstruction to general enriched categories, we should find a unified way to handle the comma 
category Categories | / and the category fc-Categoriesc of G-graded fc-linear categories. It is immediate 
to extend the definition of the Grothendieck construction to diagrams of enriched categories, as we will see in 
§3.1. The problem is to find the right co-domain category of the Grothendieck construction for general enriched 
categories. 

The notion of group graded fc-linear categories has been used as a natural "many objectification" of that of 
group graded fc-algebras. They are often defined in terms of coproduct decompositions, i.e. a /c-linear category A 
graded by a group G is a fc-linear category whose module A{x, y) of morphisms has a coproduct decomposition 

geG 

for each pair of objects x, y satisfying certain compatibility conditions. 

For a (non-enriched) small category X, we may also define a G-grading as a coproduct decomposition 

Movx{x,y) = H Mor^(a;,y) 
geG 

of the set of morphisms for each x, y, which satisfies the analogous compatibility conditions for group graded k- 
linear categories. This coproduct approach can be extended to categories graded by a small category, including 
fc- linear categories. See, for example, [Low08]. 

Notice, however, that in the case of group graded small (non-enriched) categories, a G-grading on a category 
X can be defined simply as a functor 

p:X — >G. 

All the necessary compatibility conditions are encoded into the functoriality of p. And this definition of grading 
is close to the co-domain in (1). It is desirable to redefine graded categories without referring to coproduct 
decompositions in order to find a correct co-domain of the Grothendieck construction, although the idea of 
describing a G-graded category as a /c-linear functor from A to k[G] fails immediately. 

In fact such an approach has already appeared in a classical work on group graded algebras by Cohen and 
Montgomery [CM84]. When translated into the language of comodules, their observation can be stated as 
follows. 

Lemma 1.1. Let A be an algebra over a commutative ring k and G be a group. Then there is a one-to-one 
correspondence between gradings of A by G and comodule algebra structure on A over k[G\. 

We pursue this observation and define graded fc-linear categories as follows. 

Definition 1.2. Let / be a small category. An /-grading on a /c-linear category A is a structure of comodule 
category on A over the coalgebra category 7 /c generated by I. 

Undefined terminologies appearing in the above "definition" will be explained in §2. This definition extends 

immediately to categories enriched over more general symmetric monoidal categories. A precise definition and 
basic properties of graded categories will be given in §3.2 in the general context of categories enriched over a 
symmetric monoidal category. 

It turns out this comodule approach of Cohen and Montgomery is appropriate for generalizing the Grothendieck 
construction and gradings for enriched categories. The Grothendieck construction should be regarded as a pro- 
cess of forming a comodule category from a diagram of categories. 

As a byproduct, we also obtain a simple characterization of categories enriched over a symmetric monoidal 
category in terms of comodules. 

Definition 1.3. Let V be a symmetric monoidal category satisfying a certain mild condition and S* be a 
set. A category enriched over V with the set of objects 5 is a monoid object in the monoidal category of 
5-S'-bicomodules. 

The definition of S'-S'-bicomodule and the monoidal structure on the category of 6'-6'-bicomodules will be 
given in §A.l, including related definitions. 
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1.3 Aim and Scope 

The aim of this article, therefore, is the following: 

• Wc define a grading of an enriched category by a small category / in terms of comodule structures over a 
coalgebra category and investigate basic properties of the 2-category of /-graded categories. 

• We extend the definition of the Grothendieck construction to enriched categories as a 2-functor 

Gr : Oplax(7, V-Categories) — > V-Categoriesj, 

where Oplax(7, V-Categories) is the 2-category of oplax functors and left transformations from I to 
V-enriched categories and V-Categories/ is the 2-category of left /-graded categories. 

• We show that Gr has a right adjoint 

r : V-Categories/ — > Oplax(/, V-Categories). 

We also study right versions. In particular we define 2-functors 

Gr : L£Lx(/°^, V-Categories) — > V-Categories/ 
r : V-Categoriesj — > Lax(/°^, V-Categories). 

• We extend the notion of (pre)fibered and (pre)cofibered categories by Grothendieck and graded (pre)fibered 
categories by Lowen [Low08] to enriched graded (pre)fibered and (pre)cofibered categories. We define 2- 
functors 

< 

Fcof : Precofibered(/) — > V-Categories/ 
Ffib : Prefibered(/) — > V-Categories/ 

and investigate their relations to F and F . 

1.4 Organization 

The paper is written as follows: 

• We set up a categorical framework in §2. After a brief summary on monoidal categories in §2.1, we define 

and study comonoids and comodules over them in §2.2. We describe the standard definition of enriched 
categories in §2.3. 2-categorical notions used in this paper are recalled in §2.4. We introduce notions of 
coalgebra categories and comodule categories over a coalgebra category and investigate their properties 
in §2.5. 

• The Grothendieck construction for diagrams of enriched cat(!gories is defined in §3. The construction is 
given in §3.1. We introduce the 2-category of graded categories in §3.2 and the Grothendieck construction 
is extended into a 2-functor taking values in the 2-category of graded categories in §3.3. 

• §4 is devoted to definitions of taking "fibers" of graded enriched categories. We define three ways to take 
fibers over an object in the grading category in §4.1. The notions of prefibered, precofibered, fibered, and 
cofibered categories are extended to enriched categories in §4.2. 

• In §5, we prove several properties of the Grothendieck construction. We show that the comma category 
constructions defined in the previous section can be regarded as an extension of the smash product 
construction and prove that it is right adjoint to the Grothendieck construction. A main result is Theorem 
5.1. We also study relations between F and Fcof in §5-2. 

• We include four appendices. We define categories enriched over a symmetric monoidal category in terms 
of comodules in §A.l. §A.2 is an enriched version of a well-known fact that the Grothendieck construction 
can be regarded as a 2-colimit. We specialize the contents of §3 to the case of categories enriched over a 
symmetric monoidal category whose unit object is terminal and the tensor product is given by the product 
in §A.3. Constructions corresponding to those in §5 are described in §A.4. 
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2 Categorical Preliminaries 
2.1 Monoidal Categories 

Throughout this paper, we fix a symmetric monoidal category V and work in V. Before we begin our discussion, 
let us briefly summarize basic definitions and properties of monoidal categories. A convenient summary is the 

appendix of [Pfc], for example. 

Definition 2.1. Let V be a category. A monoidal structure on V is a collection of the following data: 

(1) an object 1 of V, 

(• ® •) a (covariant) functor 

^:VxV — >V, 

(• (g) • (gi •) a natural isomorphism 

called the associator, 
(1 •) a natural isomorphism 

(•0 1) a natural isomorphism 

TA : ^ 1 — > A. 
They are required to satisfy the following three conditions: 

(• • • •) For any objects A, B, C, D in V, the following diagram is commutative 

A0(S0(C0£))) 

(A S) (C £)) A {{B C) D) 

a a 
Y Y 

{{A S) C) £) ^ — (A (B C)) D 

(• • 1) For any objects A, B in V, the following diagram is commutative 

A (B 1) A B 




(A B) 1 

(10 1) ^1 = n : 1 1 — >1. 



aA,B,c : A (B C) — > (A B) C 



£a : 1 ^ — 'A, 
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Remeirk 2.2. The commutativity of the following diagrams follows from the above axioms, according to [Kel64]. 
(1 • (g) •) For any objects A, B in V, the following diagram is commutative 




(1 (g) A) (8)B. 

(• (gi 1 (g) •) For any objects A, B in V, the following diagram is commutative 

A®{l®B) A®B 




{A®1)^B. 

Our primary examples are the category Sets of sets, the category fc-Mod of fc-modules over a commutative 
ring k, the category C{k) of chain complexes over fc, the category Spaces of topological spaces, the category 
Sets^ of simplicial sets, and the category Categories of small categories. We may also consider one of models 
of modern category Spectra of spectra (in the sense of algebraic topology) [EKMM97, HSSOO, MM02]. All 
these categories have coproducts. 

Definition 2.3. We say a monoidal category {V , ®, 1) is a monoidal category with coproducts if V is closed 
under coproducts and (g) distributes with respect to coproducts. 

fc-Mod and C{k) are different from Sets, Spaces, and Categories. 

Definition 2.4. A monoidal category (V, (g, 1) is an additive monoidal category if 

1. V has a structure of additive category, i.e. it has a 0-object, has finite coproducts, the set of morphisms 
Morv(^, B) from Aio B has a structure of Abelian group, and the composition of morphisms is bilinear. 

2. V is a monoidal category with finite coproducts, 

3. the monoidal structure 

® : Morv {A, B) x Morv {C,D) — > Mor v {A®C,B®D) 

is bilinear. 

An additive monoidal category V is called an Abelian monoidal category if it is an Abelian category. 

Example 2.5. fc-Mod and C{k) are Abelian monoidal categories. □ 

The remaining examples but Spectra have the following structure. 

Definition 2.6. We say a monoidal category is of product type if the unit object 1 is terminal and (g is given 
by the categorical product. 

A op 

Example 2.7. Sets, Spaces, Sets , and Categories are of product type. □ 

The category Spectra of spectra is neither Abelian nor of product type. But it can be fit into our work by 
replacing isomorphisms by weak equivalences. See Remark 2.22. 
All of our monoidal categories are symmetric. 
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Definition 2.8. Let V be a monoidal category. A switching operation on V is a natural transformation 

tA,B : ^ -B — > B (g) A, 

i.e. the diagram 

A(SiB -^2^ Bi^A 
C®D D®C 

is commutative for any morphisms / and g. 

Definition 2.9. A monoidal category V with a switching operation t is called a symmetric monoidal category 
if 

1. tA,B o tB,A = 1 for any objects A, B. 

2. The following diagram is commutative for any triple of objects A, B, C: 

A(E,{B<E)C) 



{B(S)C)(g)A 



B(E>{C(^A) 



{B(g,A)(g,C 



B(E){A(E)C) 



We often have a left adjoint to the "underlying set" functor. 
Definition 2.10. Let (V, 0, 1) be a monoidal category. The functor 

Morv(l,-) : V — >■ Sets 

is called the "underlying set" fimctor. 

For example, the forgetful functor from fc-Mod to Sets can be expressed as Morfe.Mod(fc) — ) and k is the 
unit object in fc-Mod. In this case we have a left adjoint 

(-) (g) k : Sets — > fe-Mod 

which assigns to each set S the free module generated by S. 

We require this property as a fundamental assumption on our symmetric monoidal category V. 

Assumption 2.11. In the rest of this paper, we assume V is a symmetric monoidal category with coproducts 
satisfying the following conditions. 

1. V is closed under finite limits. 

2. The "underlying set" functor 



has a left adjoint 



Morv(l,-) : V — >■ Sets 
(-) 1 : Sets — > V. 
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Example 2.12. The categories Sets, Sets^ ' , Spaces, fc-Mod, C{k), Categories and Spectra all satisfy 
the above conditions. □ 

A monoidal category can be regarded as a 2-category with a single object. When we talk about functors 
between monoidal categories, we need a notion of lax monoidal functor. 

Definition 2.13. Let {C,(S^,lc) and {D,^,1d) be monoidal categories. 

1. A lax monoidal functor is a triple {F,iJ,,r]), where 

• F : C ^ JD is a functor, 

• iix.y ■ F{x) ® F(y) F{x ® y) is a natural transformation, 

• V ■ Id ~> F{lc) is a morphism in £), 

which make the following diagrams commutative: 
(a) 

{F{x)(^F{y))<»F{z) 




F{xiSiy)iSiF{z) 



F{{x(E>y)'»z) 



F{x) {F{y) (8) F{z)) 
F{x) ®F{y(^z) 



F{x(Si{y(S:z)) 



(b) 



ln(SiF{x) 



Fix) 



F{lc)(S)F{x) 



F{lc O x) 



(c) 



F{x) 



F{x) O F{lc) 



F{x) ^ F(a;(g)lc) 

2. An oplax monoidal functor is a triple {F,ij.,r]), where 

(a) F : C — > £) is a functor; 

(b) fix.y ■ F{x ® y) — > F{x) ® F{y) is a natural transformation; 

(c) rj : F{lc) ^ Ir) is a morphism in D, 

which make the following diagrams are commutative: 
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(a) 



(F(x) (g) F{y)) <E) F{z) 



F{x (g) y) (g) F{z) 



F{{x ^y)(^z) 



F{x)^{F{y)^F{z)) 
F{x) (g) F{y (g) z) 



F{x®{y®z)) 



(b) 



Id (g 



(c) 



F{x) 



F{x) 



F{lc)®F{x) 



F{lc (g x) 



F{x) (g F(lc) 



F(x(g Ic) 



2.2 Comonoids, Comodules, and Coproduct Decompositions 

In this section, we introduce and study the notion of comonoids in a symmetric monoidal category and comodules 
over them, which play central roles in this paper. 

Let V be a symmetric monoidal category satisfying the conditions in Assumption 2.11. 

Definition 2.14. A comonoid object in V is an object C equipped with morphisms 

A : C — >C(gC 
e : C — ^ 1 

making the following diagrams commutative 



l(gC 




C(gl 



{C®C)®C 



C®C C(g(C®C), 
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where a is the associator in V. 

The morphisms A and e are called the coproduct and the counit of C, respectively. 

Morphisms of comonoids are defined in an obvious way. The category of comonoids in V is denoted by 
Comonoids( V) . 

Example 2.15. When 1 is terminal and (8) is the product, i.e. when V is of product type (Definition 2.6), any 
object in V has a canonical comonoid structure. □ 

A typical example of such a monoidal category is the category of sets. Under our assumption on V (As- 
sumption 2.11), we can compare the category of sets and V by the "free object" functor 

(-) 1 : Sets — > V, 

which is left adjoint to the underlying set functor. 

Lemma 2.16. (— ) (g) 1 is an oplax monoidal functor. 

Proof. We need to define a natural transformation 

^:((-)x(-))®l^((-)0l)®((-)»l). 

For sets S, T, consider the composition 

SxT — > Morv(l,5'® 1) X Morv(l,T(g) 1) 
^ MoTv{l(E)l,{S(g>l)(g>{T(g)l)) 
^ Movv{l,{S(E>l)(E>{T®l)). 

By taking the adjoint, we obtain 

es,T : (S X T) (8> 1 — > (5 (8) 1) (8> (T (8> 1). 
By taking the left adjoint to the map 

li : {*} — >Morv(l,l) 
representing the identity morphism on the unit object, we obtain 

?7 : {*} 1 — > 1. 

It is straightforward to check that and rj satisfy the condition for an oplax monoidal functor. □ 
Example 2.17. For any set 5, 5 (g) 1 has a comonoid structure defined as follows. We have 

e:{SxS)<»l — ^ (5 (g) 1) (S (g 1) 
by the above Lemma. By composing with 

A(8) 1 : 5® 1 — >{SxS)^l, 

we obtain a coproduct 

A:5(8>1 — > (S (8) 1) (8> (5 1). 

The counit is defined by 

£ : 5(8)1 — > {*}(8)1 ^ 1. 

□ 

Definition 2.18. Let C be a comonoid in V. A right coaction of C on an object M in V is a morphism 

: M — > M(8C 
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making the following diagrams commutative 




M 



M(giC 



ligiA 



M O (C (g) C) 



(M (g) C) C. 



An object Af equipped with a right coaction of C is called a right C-comodule. Morphisms of right comodules 
are defined in an obvious way. 

Left coactions are defined analogously. An object M equipped with both right coaction fj,^ and left coaction 
/U^ is called a C-C-bimodule if the following diagram is commutative. 



M 



C (g) (M O C) 



(C (g) M) (g) C 



The categories of right C-comodules, left C-comodules, and C-C-bimodules are denoted by Comod-C, 
C-Comod, and C-Comod-C, respectively. 

Example 2.19. Suppose V is of product type. By Example 2.15, any object C can be regarded as a comonoid 
and any morphism 

f:M^C 

is a morphism of comonoids. Define 



H:M^M(E)M- 



then /X is a coaction of C on M. 

Conversely any coaction fi is determined by the composition 

-k:M-^M®C^C, 

since the composition of fi and the first projection is always the identity morphism by the counit condition. □ 

The following is a direct extension of an observation (Lemma 1.1) by Cohen and Montgomery in [CM84]. 

Lemma 2.20. Suppose V = fc-Mod /or a commutative ring k. Let M be an object ofV and S be a set. Then 
there is a one-to-one correspondence between right S®\-comodule structures on M and coproduct decompositions 
on M indexed by S 

M ^ 0M^ 

ses 
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Proof. Suppose we have a coproduct decomposition 



M ^ 0M^ 



Define 



IJ.: M — > M (g) (5 (g) 1) 

on each component M" by the composition 

M** ^ (8 1 (5 (g) 1). 

The coassociativity follows from the commutativity of the following diagram 

^ ® 1 — ^ (g) (5 (g) 1) 



' ' y 
(M« 1) ® 1 > (M« 8) 1) (g) (5 1) 



M** 0(1 1) 



(M^ (5 1)) 1 '-^^^ {M" 1)) (5 1) 



l(8i(sigil) 



M« ((5 1) 1) — ^ ((S 1) (5 1)). 



The counitality is obvious. 

Conversely suppose we have a comodule structure 



For each s € S, define a morphism 
by the composition 



fi: M — > M0 (5 1). 
Ps : M — »• M 



M 



M0(50l) ^-0^®(*®1) 



tes 



projection 



M0 (s0 1) 



M 



M. 



By the coassociativity of /x and the fact that the coproduct on 5* 1 is given by the diagonal on 5*, we have 

\Ps, S = t 



Ps °Pt 



0, Sy^t. 



By the definition of Ps and the counitality of fi, 
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and we have a coproduct decomposition 

ses 

□ 

The above discussion is based on the fact that fc-Mod is AbeUan. Even when V is not Abehan, we often 
obtain a coproduct decomposition from a comodule structure. Suppose V is a product type monoidal category. 
In such a monoidal category, a coaction 

IJ,:M — > M (5 (g) 1) 

defines and is defined by a morphism 

n : M M (g) {S (S) 1) — >S^1 

by Example 2.19. 

Example 2.21. Let V be the category Spaces of topological spaces. This is a product type monoidal category 
and thus any object C is a comonoid and a coaction of C on another object M determines and is determined 
by a morphism 

p: M — >C 

When C has a discrete topology, i.e. C = 5 (E) 1 for a set S, such a continuous map induces a coproduct 
decomposition 

ses 

by = p~^{s). We have analogous decompositions when V is the category of sets, of simplicial sets, or of 
small categories. □ 

Remark 2.22. When V is one of models of symmetric monoidal category of spectra, we do not have such a 
correspondence between comodule structures and coproduct decompositions. Howevcir. we can obtain analogous 
coproduct decomposition from a comodule structure by replacing isomorphisms by weak equivalences. 

The following operation plays an important role. 

Definition 2.23. Let C be a comonoid in V and M and be a right and a left C-comodules. Define the 
cotensor product MBcN of M and A^ over C by the following equalizer diagram 

MUcN ^ M ®N I M®C ®N. 

We need the following condition on C. 

Definition 2.24. An object C in V is called flat if C (8) (— ) preserves equalizers. 

Remark 2.25. Since V is symmetric, if C is flat, (— ) ® C also preserves equalizers. 

The condition that C® (— ) preserves equalizers is satisfied when V is Sets, Spaces, Sets'^ ' for any C and 
when V is fc-Mod and C is flat. In particular, when V = fc-Mod and C = S ®1, the free fc-module generated 
by a set S, the condition is satisfied. 

Lemma 2.26. Let C be a flat comonoid object in V . For C -C -bicomodules M and N , MUqN has a structure 
of C-C-bicomodule under which the canonical morphism 

MUcN — > M ®N 

is a morphism of bicomodules. Furthermore Dc defines a monoidal structure on C-Comod-C The unit object 
is C. 
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Proof. For C-C-bicomodules 





M - 


C$ 


DM, 


Mf/ 


M - 


M 


8C, 




N — 




N, 




N — 


iVg 





we need to define a bimodule structure on MD^N. 

Since C Cg) (— ) preserves equalizers, we can define a left coaction 



HmDcI : MUcN — > C (g) {MUcN) 



by the following diagram 



MUcN 



■M®N' 



C ® {MUcN) 



® M ® N 



l®MMl2lliV 



'^M®C®N 



' C ® M f^C ® N. 



The right comodule structure is defined analogously. 

The associator of (8> defines an associator for Uc and (C-Comod-C, Uc, C) becomes a monoidal category. □ 

We also need to compare comodules over different comonoids. 

Definition 2.27. Let C and D be comonoids in V and M and N be right comodules over C and D, respectively. 
A morphism of right comodules from M to N 



f:M 



is a pair / = (/o,/i) morphisms 



h 
fi 



C - 
M 



N 



D 



where /o is a morphism of comonoids and /i makes the following diagram commutative 

M ^ M(8)C 



N 



^ N^D. 



Morphisms of left comodules and bicomodules are defined analogously. 
2.3 Enriched Categories 

In this section, we collect the standard definitions concerning categories enriched over a symmetric monoidal 
category. We can use the language developed in §2.2 to define (small) enriched categories and related notions in 
a very compact way, as is shown in §A.l. We have chosen to use the traditional definitions for the convenience 
of the reader. Our reference is Kelly's book [Kel82]. The reader is encouraged to compare definitions in this 
section and the corresponding definitions in §A.l. 

Definition 2.28. A category enriched over V, or simply a V-category A consists of 

• a class of objects Aq; 

• for two objects a, b in A, an object A{a, h) in V; 
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• for three objects a, b, c in A, a morphism 

o : A{b, c) (g) A{a, b) — > A{a, c) 

in V\ 

• for an object a in A, a morphism in V 

la : 1 — > A{a,a) 

satisfying the following conditions: 

1. for any objects a,b,c,d, the following diagram is commutative 

(A(c, d) ® A{b, c)) ® A{a, b) — 2-^ A{c, d) ® {A{b, c) ® A{a, h)) 



A{b,d) ®A{a,h) 



A{c, d) ig) A{a, c) 



A{a,d) 

2. for any objects a, b, the following diagram is commutative 

A{b,b) ^ A{a,b) — ^ A{a,b) ^ — A{a,b) ^ A{a,a) 



1 O A{a, b) A{a, 6) 1 

where 1 is the unit object in V. 

Any enriched category has its underlying category. 

Definition 2.29. Let A be a V-category. Define an ordinary category A as follows. Objects are the same as 
objects in A. The set of morphisms from a G Ao to 6 e is defined by 

MorA(a, b) = Morv(l, A{a, b)). 

The composition is given by 

MorA(6, c) X Mor^(a, b) = Morv(l, A{b, c)) x Morv(l, A{a, b)) 

— > Morv(l ® l,^(6,c) ® A(a,6)) 

Morv(l, c) (g) A(a, 6)) 
— > Morv(l, A(a,c)) 
= MorA(a, c). 

When it is obvious from the context, a V-category and its underlying category are denoted by the same 
symbol. 

Definition 2.30. Let A be a V-category. For a morphism in the underlying category / S Mor^(a, 6), define 
morphisms in V 

: A{c,a) —> A{c,b), 
r : A{b,c)^A{a,c) 

by the following compositions 

/* : A{c,a) = l®A{c,a)^~^A{a,b)^A{c,a)^A{c,b), 
f* : A{b, c) ^ c) (g) 1 ^ A{b, c)(dA{a,b)^ A{a, c) . 
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The following is the standard description of V-functors. 
Definition 2.31. Let A and B be small V-categories. A V-functor / from ^ to B consists of a map 

/o : Ao — >■ Bo 

and a morphism 

fi:A{a,b)^B{f{a),m) 
in V for each pair a, b of objects in A, satisfying the following conditions: 
1. the following diagram is commutative 



A{b,c) (g) A{a,b) 



A{a,c) 



B{m,f{c))^B{f{a),m) - 
2. and the following diagram is commutative 

1 A{a,a) 



B{f{a),f{a)). 



B{f{a)J{c)), 



Definition 2.32. The category of small V-categories and V-functors is denoted by V-Categories. 

The monoidal structure on V-Categories (Lemma A. 10) can be described as follows. 
Lemma 2.33. For small V-categories A and B, define a V -category A^ B by 

{A (g) B)o =AoxBo 

and 

{A B){{a, b), {a', b')) = A{a, a') (g) B{b, b'). 

Define a V -category 1 with a single object * by 1(*, *) = 1. 

IfV is symmetric monoidal, (V-Categories, ig, 1) forms a symmetric monoidal category whose associator 
is defined by that ofV. 

Example 2.34. When V is the category of fc-modules for a commutative ring k, V-catcgorics are called fc-linear 
categories and the category of small fc-linear categories is denoted by /c-Categories. When V is the category of 
(unbounded) chain complexes over a fixed commutative ring k, V-categories are called dg (differential graded) 
categories over k. 

When V is the category of simplicial sets, topological spaces, or spectra (in the sense of algebraic topology), 
V-categories are called simplicial categories, topological categories, or spectral categories. □ 

Example 2.35. Consider the case when V is the category Categories of small categories. Categories- 
enriched categories are usually called (strict) 2-categories. Categories-functors are called 2-functors. See §2.4 
for more details on 2-categories. □ 

The following is the standard definition of V-natural transformation. 

Definition 2.36. Let 

f,g:A^B 

be V-functors. A V-natural transformation ip from / to g, denoted by 
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consists of a family of morphisms in V 

ip{a):l^B{f{a),g{a)) 
indexed by objects in A making the following diagram commutative for any pair of objects in A: 

A{a,a') 



A{a,a') (g) 1 



B{g{a),g{a'))^B{f{a),g{a)) 



1(g) A{a, a) 
B{f{a'),g{a'))®B{{f{a)J{a'))) 



B{f{a),g{a')) 

The composition of V-natural transformations is defined in an obvious way. 
Definition 2.37. Let 

f,g,h:A^B 

be V-functors and 

f^g^h 
be V-natural transformations. The composition 

is defined by 

o <^)(a) : 1 ^ 1 1 B{g{a), h{a)) ® B{f{a), g{a)) ^ B{f{a), /i(a)). 

2.4 The Language of 2-Categories 

We need the language of 2-catcgories in order to fully understand the role and meanings of the Grothendieck 

construction. Our reference is [Str72]. 

Definition 2.38. A (strict) 2-category C is a category enriched over the category of small categories. In other 
words, for each pair of objects x and y in C, C{x, y) is a category. Objects in C{x, y) are called 1-morphisms 

and morphisms in C{x,y) arc called 2-morphisms. 

The category obtained from a 2-category C by forgetting 2-morphisms is denoted by ski C". 

Example 2.39. V-categories, V-functors, and V-natural transformations form a 2-category V-Categories. 

□ 

Example 2.40. Any category can be regarded as a 2-catcgory whose 2-morphisms are identities. □ 



Example 2.41. Let 5 be a V-category. Define a 2-category V-Categories I B as follows. Objects are 
V-functors 

TT : E — > B. 

A left morphism from n : E B to tt' : E' ^ B is a, pair (F, tp) of a V-functor 

F:E — >E' 

and a V-natural transformation 

ip : tt' o F => TT. 
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For left morphisms 

(F,^),(G,V) 

a 2-morphism from [F, if) to (G, ijj) is a V-natural transformation 
making the following diagram commutative 



tt'oF- 



tt'oG 





By reversing the direction of (p in left morphisms, we obtain right morphisms and another 2-category 



V-Categories | B with the same objects. 



□ 



We can define and discuss "functors" between 2-categories. One of them is 2-functors in Example 2.35. 
However, we often encounter "functors up to natural transformations" . The notion of lax functor was introduced 
by Street in [Str72] in order to describe such "functors". For the Grothendieck construction, we need oplax 

functors from ordinary categories to 2-categorics. 

Definition 2.42. Let / be a category and C be a 2-category. An oplax functor from I to C consists of the 
following: 



• a morphism of quivers 

• for each object z e /q, a 2-morphism 



F:I — >skiC, 
rii : F{li) =^ lir(i). 



• for each pair of composable morphisms i — ^ i' i" , a 2-morphism 

9u',u--F{u'ou)=^F{u')oF{u), 

satisfying the following conditions: 

1. For any morphism u : i — > j in 7, the following diagram of 2-morphisms are commutative 

F{u)olp^,)^=F{u)oF{li) 



F{u) ^=^= F{u o U) 

o Fiu) =^ Ipu) ° Fin) 



F{ljou) 



:F{U) 



2. For each sequence a — > b — > c — > d in I, the following diagram of natural transformations is commu- 
tative 

F{w ov ou) > F{w ov)o F{u) 



F{w) o F{v o u) =^ F{w) o F{v) o F{u). 
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Remark 2.43. There seem to be confusions on these terminologies. Our oplax functors arc called lax functors 
by Goerss and Jardine [GJ99]. Lax functors in the sense of Street are required to "compose" functors 

Ou'^u : F{u') o F{u) ^ Fiu' o u), 

with respect to compositions of morphisms in /. We follow the original terminology in [Str72]. A precise 
definition of lax functor can be found in this paper of Street's. 

Definition 2.44. Let I and C be as above. Let 

X,Y:I — >C 

be oplax functors. A left transformation from X to F consists of 

• a family of 1-morphisms 

F{i) : X{i) Yd) 

indexed by objects i € Iq, 

• a family of 2-morphisms (p{u) indexed by morphisms in I with 



X 


w — ^ 


X{u) 




X 





Y{u) 



if u : i —> j in /, 
satisfying the following conditions: 

1. For any object z G /q, the following diagram is commutative 

o F{i) F^) o X{li) 



2. For composable morphisms i — * j — > k in I, the following diagram is commutative 

Y{v ou)o F{k) =^ Y{u) o Y{v) o F{k) =^ Y{u) o F{j) o X{v) 



F{k)oX{vou) 



=^F{k)oX{v)oX{u). 



We denote 

For left transformations 



{F,^):X^Y. 



the composition {G o F,tl) oip) -. X ^ Z is defined by 

{G o F)(i) = G{i) o F{i) 

for i £ Iq and, fov u: i ^ j in I, 

iij o ip){u) : Z{u) o{Go F)ii) =^{Go F){j) o X{u) 

is defined by the composition 

Z{u)o{GoF){i) = Z{u) o G(i) o F{i) 
=^ G(i)oF(«)oF(i) 

=^ GU)oF{j)oX{u) 
= {GoF){j)oX{u). 
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The reader might have noticed that the natural transformation ip(u) in the above definition goes in a wrong 
direction with respect to F. But it is in the right direction with respect to u. 

Definition 2.45. Let X and Y be as above. A right transformation from X to F consists of a family of functors 

Fii) : X{i) Y(i) 
indexed by i e /q and a family of 2-morphisms ip{u) 

F(i) 



X(u) 



Y(u) 



in C satisfying conditions analogous to those of left transformations. 

We may dualize and define left and right transformations for lax functors. 
Definition 2.46. Let / and C be as above. Let 

X,Y :I — >C 

be lax functors. A left transformation of lax functors from X to Y consists of 

• a family of 1-morphisms 

F{i) : X{z) Y{i) 

indexed by i G /q, 

• a family of 2-morphisms 

ip{u) : Y{u) o F(i) =^ F{j) o X{u) 

for w : i ^ j, 
satisfying the following conditions: 

1. For any object z G /q, the following diagram is commutative 

Y{h) o Fii) F{i) o X{li) 



lK(i)0F(i)^=F(i)0l;f(,) 



2. For composable morphisms i — ^ j k in /, the following diagram is commutative 
Y{v) o F{j) o X{u) Y{v) o Y{u) o F(i) =^ Y{v ou)o F{i) 



F{k) o X{v) o X{u) =^ F{k) o X{v o u). 

Right transformations of lax functors are defined by reversing the direction of (p{u) and by changing the 
conditions accordingly. 

We have 2-morphisms. 

Definition 2.47. Let 

X,Y:I — 

be oplax functors and 

(F,^),(G,V) :X— 
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be left transformations of oplax functors. A morphism of left transformations from {F, ip) to (G, if)) is a collection 
of 2-morphisms in C 

e(i):F{i)^G{i) 
indexed by i e /q making the following diagram commutative 

Y{u) o F{i) =^ Y{u) o G{i) 



(p{u) 



Fij)oX{u)=^Gij)oX{u) 

for each morphism u : i j in 7. 

The composition of morphisms of left transformations is defined by the composition of 2-morphisms in C. 
Morphisms between right transformations are defined by reversing arrows appropriately. We also have lax 

versions of left and right transformations. 

Oplax functors and lax functors form 2-categories but there are two variations. 

Definition 2.48. Let / be a small category and C be a 2-category. 

The 2-category consisting of oplax functors from / to C, left transformations, and morphisms of left trans- 
formations is denoted by Oplax(7, C). By using right transformations instead of left transformations, we also 
obtain a 2-category, which is denoted by Oplax(/, C). 

Lax functors, left transformations, morphisms of left transformations form a 2-category and it is denoted by 
L,ax{I,C). The 2-category obtained by replacing left transformations by right transformations is denoted by 
Li^(7,C). 

By restricting objects to strict functors, we obtain the full 2-subcategories Funct(7, C) and Funct(7, (7) 
whose 1-morphisms are left and right transformations, respectively. 

We have the following diagonal functor. 

Definition 2.49. Define a functor 



by 



A:C — > Oplax(7, C) 
A{X){z)=X 



on objects. 

It is useful to have an explicit description of a morphism of oplax functors from 7^" to A(A). 

Lemma 2.50. Let A be an object of a 2-category C and X : I ^ C he an oplax functor. A morphism of oplax 
functors 

{F,^):X-^A{A) 



consists of 

• a family of 1-morphisms 

indexed by objects in I , and 

• a family of 2-isomorphisms 

indexed by morphisms in I, 

satisfying the following conditions: 
1. For each object i ^ Iq, 



F{i) : X{i) A 



<p{u):Fii)^F{j)oX{u) 



rji o ip{li) = 1 



Hi)- 
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2. The following diagram of 2-morphisms is commutative 

F{k) » F{k) o X{v) 



F{k) o X{v o u) =^ F{k) o X{v) o X{u). 

Proof. A direct translation of definition. □ 
Example 2.51. Let G be a group. Consider the case C = fc-Categories. A strict functor 

X : G — > /c-Categories 

is given by a fc-linear category X equipped with an action of G. For a fc-hnear category Y, a morphism of oplax 
functors 

F:X — > A(F) 

is given by a functor 

F{*) : X{*) = X — > A(r)(*) = Y 
and a a family of natural transformations 

Lp{a) : F{*) =^ F{*)oX{a) 

indexed by a S G making the following diagram commutative 

F{*) > F{*) o X{/3) 



F{*) o X{ap) =^ F{*) o X{a) o X{p). 
This is nothing but the definition of right G-invariant functor in [Asaa]. □ 

2.5 Comodule Categories 

We have seen in §2.2 that we often obtain a coproduct decomposition from a comodule structure, extending the 
idea of a characterization of group graded algebras by Cohen and Montgomery [CM84] . 

The notion of group graded algebras has been extended to group graded /c-lincar categories and to /c-lincar 
categories graded by a small category. See [CM06, Asaa, Low08], for example. In order to extend their 
definitions to V-categories graded by a small category I, we introduce and investigate "many objectifications" 
of comodulcs. 

Recall from Lemma 2.33 that the category of V-categorics has a symmetric monoidal structure. 
Definition 2.52. A coalgebra V-category is a comonoid object in the monoidal category of V-categorics. 
Remark 2.53. In other words, a coalgebra V-catcgory is a V-category C equipped with a family of morphisms 

Aa,b : G(a, b) — ^ C{a, b) ® C{a, b) 
ea,b ■■ C{a, b) — > 1 

indexed by pairs of objects a,b ^ C'o satisfying the following conditions: 

1. Aa^b is compatible with compositions, i.e. the following diagram is commutative 



G(6, c)(g)G(a,6) 
{C{b, c) O C{b, c)) (G(a, b) O C{a, b)) 



{C{b, c) (g) G(a, b)) (g) (G(6, c) O G(a, 6)) 



G(a, c) 



G(a, c) (g) G(a, c). 
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where T is an appropriate composition of associators and a symmetry operator. (Recall that we assume 
V is symmetric monoidal.) 

2. Ao_o preserves identity morphisms, i.e. the following diagram is commutative for each object a € Co 

1 = 101 



C(a, a) 



C{a, a) C{a, a), 



3. ea,b is a counit for Aa,b, i-e. the following diagram is commutative 

C{a,b) 





1 (8> C(a, h) < C(a, h) ® C{a, b) ^ C{a, 6) (g> 1 



4. Aa_b is coassociative, i.e. the following diagram is commutative 



C{a, b) 



C{a, b) C(a, b) 

C(a,6)0(C(a,5)(8)C(a,5)) 



C(a, 6) C(a, 6) 



A„. 6(811 



(C(a,6)0C(a,6))0C(a,6). 



Another way of saying this is that a coalgebra V-category is a category enriched over the category of comonoid 
objects in V. 

Example 2.54. Let 7 be a small category. Then we have a V-category 701 by Lemma A. 13. Each (70l)(i, 
has a structure of comonoid by Example 2.17. The comonoid structure is compatible with the compositions of 
morphisms and preserves identities. Thus 7 CE) 1 is a coalgebra category. □ 

Example 2.55. When V is of product type, any object C has a canonical comonoid structure by Example 
2.15. The assumption that the unit object 1 is terminal guarantees the existence of counit morphisms 



ea,b ■■ C{a,b) — > 1 



and we have a coalgebra structure on C. 



□ 



Definition 2.56. Let C be a coalgebra V-category. When a V-category X is equipped with a right comodule 

structure over C 

M : X — > X C, 

it is called a right comodule category over C. Left comodule categories are defined analogously. 

It is convenient to have a more concrete description. 

Lemma 2.57. Let C be a coalgebra V-category and X be a V-category. A right comodule structure on X 
consists of 



• a map 

between objects, and 



p,Xo^Co 
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a collection of morphisms 



f^x,y ■■ X{x,y) — > X{x,y) ® C{p{x),p{y)) 



indexed by pairs of objects in X 
satisfying the following conditions: 

1. The following diagram is commutative 

X{y,z)®X{x,y) ^ X{x,z) 

X{y, z) ® {C{p{y),p{z))) ® {X{x,y) ® C {p{x) , piy))) 



{X{y,z)^X{x,y)) ® {C{p{y),p{z)) ® C{p{x),p{y))) X{x,z) C{p{x),p{z)), 

where T is an appropriate composition of associators and a symmetry operator. 

2. The following diagram is commutative for each object x G Xq 

1 ^ = 1(^1 

la,l8)lp(x) 

X(x,x) ^"'"^ X{x,x) ® C{p{x),p{x)). 

3. The following diagram is commutative 

X{x,y) 




X{x,y)(S)l X{x,y)®C{p{x),p{y)) 

4- lJ-x,y is coassociative in the sense that the following diagram is commutative 

^ > X{x,y)®C{p{x),p{y)) 



X{x,y) 



{X{x, y) ® C{p{x),p{y)) ® C{p{x),p{y) 



1®A 



X{x,y)®C{jp{x),p{y)) ^ X{x,y) ® {C{j){x),p{y)) ® C{j){x),p{y))). 

Proof. A functor ji: X ^ X ®C defines a map 

/i : Xo — > X Co. 
Define p = ojx : Xq Cq. Then the counit condition implies 

fi{x) = (x,p(x)) 
for X G Co and for each pair of objects x,y G Xq wc obtain 

: X{x,y) X(x,y)^C{p{x),p{y)). 
It is easy to verify that the conditions on /x for comodule structure corresponds to conditions in this Lemma. □ 
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Example 2.58. Suppose V is of product type. By Example 2.55, any V-category has a canonical coalgebra 
structure and any V-functor 

p:X 

is compatible with coproducts and counits. The composition 



X{x,y) ^ X{x,y)®X{x,y)'-^ X{x,y)^C{p{x),p{y)) 



makes X into a comodule over C. 



□ 



Note that right comodules over a comonoid object in a symmetric monoidal category, in general, form a 
category in an obvious way (Definition 2.27). Namely by requiring a morphism to make the diagram commutative 



M 



N 



In the case of comodule categories, we should relax the commutativity of this diagram in the following way. 

Definition 2.59. Let C be a coalgebra V-category and {X^fj) and {X' , fx') be right comodule categories over 
C. A left morphism of right comodule categories from {X,ijl) to {X' ,fi') is a pair {F,ip) of a V-functor 



F:X — >X' 



and a V-natural transformation 



X 




The composition of left morphisms are defined by the following diagram 




F01 



F'(gil 



X" ® C. 



For left morphisms 



{F,ip),{G,lP)■.{X,^i)^{X',|2'), 
a 2-morphism from (F, if) to (G, ip) is a V-natural transformation 

^■.F^G 

making the following diagram commutative 

/x' o F =^ {Fi»l)ofj, 



(G(8)l)o/x 

The composition of 2-morphisms are given by the composition of V-natural transformations. 

Right morphisms for right comodules are defined analogously by reversing the direction of For left 

comodules, we also define left and right morphisms analogously. 

The 2-categories of right comodule categories over C and left morphisms, of right comodules categories and 

right morphisms, of left comodule categories and left morphisms, and of left comodule categories and right 

< > < > 

morphisms are denoted by Como d-C, Comod-C, C-Comod, and C-Comod, respectively. 2-categories of 

bicomodule categories C-Comod-C and C-Comod-C are defined similarly. 
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Remark 2.60. The above definition can be generaUzed to comodules over a comonoid object in a symmetric 

monoidal 2-catcgory. 

Example 2.61. Suppose V is of product type. Recall from Example 2.58 that any V-category C can be 
regarded as a coalgebra category and any functor 

p:X — >C 

defines a right comodule structure 

X ^ X C^X X (g)C 
on X. It is easy to see that this correspondence defines a 2- functor 

V-Categories J, C — > Comod-C, 



where the structure of 2-category on V-Categories J, C is defined in Example 2.41. Since (8) is the direct 
product, we can recover p from {1 ^ p) o A. However, there are differences in 1-morphisms. For example, a 
morphism 

(F,<^):(X,m)^(X',m') 
of right C-comodule categories is given by a V-functor 

F:X — yX' 

and a family of morphisms 

ifix) : {F{x),p(F{x))) {F{x),p{x)) 
in X' (g) C. Since (g) is the product in V, (p{x) is of the form 

ifiix) = ^i(x) ® ^2{x) e (X ® C){{F{x),p{Fix))), {F{x),p{x))) = X{F{x),F{x)) ® C{p{F{x)),p{x)). 

The 1-morphisms coming from \^-Categories | C are exactly those morphisms having natural transformations 
whose first component is the identity. 

Thus we can regard V-Categories J, C as a 2-subcategory of Comod-C. □ 

When V is Abelian, we cannot expect such a simple characterization of comodule categories as above. We 
will see in §3.2 that, in this case, the notion of comodules over a free V-category 7 1 generated by a small 
category / corresponds to the notion of graded categories. 

3 The Grothendieck Construction 

In this section, we define the Grothendieck construction as a 2-functor from the category of oplax functors 
from I to the category of comodules over / (g) 1. The construction works for lax functors by reversing arrows 
appropriately. 

3.1 The Grothendieck Construction for Oplax and Lax Functors 

The following is our definition of the Grothendieck construction. Recall that V is a symmetric monoidal category 
satisfying Assumption 2.11. In particular it is closed under arbitrary coproducts. 

Definition 3.1. Let / be a small category. For an oplax functor 

X : / — > V-Categories, 
define a V-category Gi{X) as follows: Objects are given by 

Gr(X)o = U X{i)o X {i}. 
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For {x,i), {y,j) e Gr(X)o, define 

Gr(X)((x,i),(j/,i))= X{j)iX{u){x),y). 

u:i^j 

The composition 

o : Gv{X){{y,j), {z, k)) ® Gr{X){{x,i), {y,j)) Gr{X){{x, i), {z, k)) 
is given, on each component, by 

X{k){X{v){y), z) X{j){X{u){x), y) '^^"^ X{k){X{v){y), z) X{k){X{v){X{u){x)),X{v){y)) 

^ X{k){X{v){y), z) ® X{k){X{v o u){x)),X{v){y)) 
^ X{k){X{vou){x),z). 

One of the simplest examples is the semidirect product construction for groups. 

Example 3.2. Suppose a group G acts on another group H. We regard G as a category with a single object 
*. Then the action defines a functor 

H : G — > Groups C Categories 

by 

H{*) = H 

and 

The Grothendieck construction of this functor is nothing but the semidirect product. □ 

This example can be extended as follows. 

Example 3.3. Let ^4 be a V-category. Suppose a group G acts on A from the left via V-functors. We regard 
it as a functor 

A : G — > V -Categories. 

The Grothendieck construction of A is called the orbit category by Cibils and Marcos in [CM06] when V is 

the category of fc-modulcs. 

By definition, objects of Gi{A) can be identified with objects in A 

Gr{A)o =AoX {*} ^ Aq. 

For x,y G Aq, morphisms are given by 

Gv{A){x,y) = ^Aigx,y) 
geG 

and compositions are given, on each component, by 

^{gy, z) (E) A{hx, y) A{gy, z) ® A{ghx, gy) A{ghx, z). 

□ 

It is not difficult to define Gr as a 2-functor 

Gr : Oplax(7, V-Categories) — > V-Categories. 
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Definition 3.4. For a left transformation of oplax functors 
define 

Gr(F, ip) : Gr(X) — > Gt{Y) 

by 

Gt{F,^){x,i) = {F{i){x),i) 

for objects and 

Gr(F,^) : Gr(X)((a;,i), (y,i)) Gr(F)((F(i)(a;),i), (F(i)(y),i)) 

by the composition 

X(j)(X(u)(x),2/) ^r(j)(F(j)(X(..)(x),F(j)(y))) Y{j)iY{u){F{t)ix)),F{j)iy)) 
on each component. 
Definition 3.5. For a 2-morphism 

^:(F,<^)^(G,V) 



in Oplax(7, V-Categories), define a 2-morphism 

Gr(6i) : Gr(F, y.) =^ Gr(G, V) 

in V- Categories by 

GT{e){x,i) - {e{t){x),U) ■■ GT{F,ip){x,i) - (FW(a;),z) {G{i){x),i) = Gr{G,^){x,i). 
Proposition 3.6. The above constructions define a 2-functor 



Gr : Oplax(7, V-Categories) — > V-Categories. 

We may duahze the above construction to obtain 

Gr : Lax(7''^, V-Categories) — > V-Categories. 
We briefly describe the construction. 
Definition 3.7. For a lax functor 

X-.r^ — > V-Categories, 

define a V-category Gv{X) by 

Gr(X)o= ]J{i}xX(i)o 

and 

Gr(X)((i,x),(j,t/))= X{i){x,X{u){y)). 

The composition is given on each component by 

X{j){y, X{v){z)) ® X{{){x, X{u){y)) ""H®' X{i)iX{u){y), X{u) o X{v){z)) ® Xiu){y)) 

^ X{i){Xiu){y), X{v o u){z)) ® X{i){x,X{u){y)) 
^ X{{){x,X{vou){z)). 

For a right transformation (F, (f) of lax functors 



X 




X{u) 




X 


(i) 




^ ' Fii) 



Y{u) 
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define 

Gr{F, if) : Gr(X) — > Gr(r) 

by 

Gv{F,^){i,x) = {i,F{i){x)) 

for objects and 

Gr(F,^) : Gr(X)((i, a;), (j, t/)) Gr{Y){{i,F{i){x)),{j,F{j){y))) 

by the composition 

X{i){x,X{u){y))'nY{i){F{i){x),F{i){X{u){y))) ^-H* Y{i){F{i){x),Y{u){F{j){y))). 
Proposition 3.8. The above constructions define a 2-functor 

Gr : Lax(/°'', V-Categories) — > V-Categories. 

The above propositions say the Grothendieck construction is a process to glue V-categories in a given 
diagram of V-categories together to form a single V-category. We show in §A.2 that this Gr is left adjoint to 
the diagonal functor and Gr{X) can be regarded as a 2-colimit of X. If we regard the Grothendieck construction 
in this way, there is no hope to recover the original diagram. Note that the Grothendieck construction is defined 
by coproducts and Gr(X) is a V-category whose morphism objects have coproduct decompositions. It turns 
out that these coproduct decompositions allow us to construct a diagram of V-categories which is very closely 
related to the original diagram X. 

We use the notion of graded category, which is the subject of the next section §3.2, in order to make the 
above statement precise. 

3.2 Graded Categories 

Given a group G, the notion of G-graded category was introduced and has been studied for fc-linear categories 
by extending the notion of G-graded algebras. More generally, fc-linear categories graded by a small category 
have been defined and used in the deformation theory of fc-linear prestacks [Low08, LdB] . In these approaches 
graded categories are defined by using coproducts. 

We have seen in §2.2 that coproduct decompositions are intimately related to comodule structures over a 
"free coalgcbra". This observation allows us to define graded categories without coproduct decompositions. 
This viewpoint also suggests us to extend the notion of morphisms by incorporating appropriate natural trans- 
formations. Our definition is also suggested by the definition of degree preserving functor by Asashiba [Asab]. 
Note that morphisms between graded categories defined in [LowOS] correspond to strictly degree preserving 
functors in [Asab] and our category of /-graded V-categories is larger than Lowen's. 

The following is our definition of V-categories graded by a small category I. 

Definition 3.9. Let / be a small category and X be a V-category. An /-grading on X is a right comodule 
structure 

Ijl:X — >X®{I®1) 

on X over the coalgcbra category / Cg) 1. 

Remark 3.10. We may also use left comodules. Since / (8 1 is a cocommutative coalgcbra category, it does 
not make any essential difference. 

A more concrete description of /-grading can be obtained in many cases. 

Lemma 3.11. Suppose V is the category A; -Mod for a commutative ring k. Then an I-grading on a V-category 
X consists of a map 

p: Xo — > /o 

and a family of coproduct decompositions 

X{x,y)^ X^{x,y) 

u:p{x) — ''p{y) in I 

indexed by pairs of objects in X satisfying the following conditions: 
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1. For any object x & Xq, we have the following diagram 

1 — X{x,x) 



2. For objects x,y,z G Xq, the following diagram is commutative 

X{y,z)(g>X{x,y) X{x,z) 

X-{y,z)^X-{x,y) ■> X--ix,z). 

Proof. This is a direct translation of Lemma 2.20 and Lemma 2.57. □ 

Example 3.12. Let G be a group and consider the case V = A;-Mod. The unit object of /c-Mod is the ground 
ring k and the fc-linear category G fc is nothing but the group algebra k[G\ over k regarded as a fc-linear 
category with a single object. 

Since G ®1 = k[G] has the only object *, a G-grading on a A;-linear category A is given by a coproduct 
decomposition 

A{x,y) = ^A<^{x,y) 
geG 

satisfying the condition that the functor p induces 

o : AS{y, z) ® A''{x, y) — > ^^''(x, z). 

and 

1 — ^ A{x,x) 
A^{x,x). 

This is the definition of a G-graded fc-linear category in [CM06, Asaa, Asab]. □ 

Even if V is not Abelian, we often obtain an analogous coproduct decomposition. 

Example 3.13. Let / be a small category. Consider the case that V is the category of sets. Suppose a small 
category X has an /-grading. As we have seen in Example 2.61, it is determined by a functor 

p:X — >I. 

We have a map of morphism sets 

P:,^y : Morx{x,y) — > MoTi{p{x),p{y)) 
for each pair of objects x,y G Xq. Denote 

Mor^(a;,2/) =p-^u} 

and we have a coproduct decomposition 

Movx{x,y)= ]J Mor^(a;,y). 
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The composition of morphisms in X induces a map 

Mor^(y,^) X Mor^(a;,y) — > Mor"''(a;, 0). 
Conversely, we can recover p from the above coproduct decomposition by using the following composition 
Morx{x,y) = X{x,y)^ ]J X«(ar,y) — > JJ {u} = Mori{p{x),p{y)). 

u:p(x)^p(y) u:p(x)^p(y) 

Note that this argument works without a change when V is the category of topological spaces, simplicial 
sets, and small categories. □ 

Example 3.14. Suppose V is a stable model category and X is an /-graded V-eategory. By Remark 2.22, we 
have a coproduct decomposition of each X(x, y) up to weak equivalences. In particular, we have 

X{x,y)^ V X^{x,y) 

u:p(x)T(y) 

when X is an /-graded spectral category in our sense. See [Tab, BM] for spectral categories. □ 



We have also seen in Example 2.61 that, when V is of product type, the comma 2-category V-Categories J, 
[I ®1) can be regarded as a 2-subcategory of the 2-category Comod-(/ (g) 1) of comodules over / ® 1. Thus we 
would like to define a 2-category of /-graded categories which generalizes the 2-category of the comma category 
V-Categories J, (/ (g) 1) when V is of product type and the 2-category of G-graded categories defined by 
Asashiba [Asab]. Note that, although we have defined a 2-category of comodule categories in Definition 2.59, 
1-morphisms in this 2-category is less restrictive than l-morphisms of G-graded categories. 

Example 3.15. Let G be a group and 

Ijl : A — >A®k[G\ 
H' : B — >B®k[G] 
be G-graded /c-linear categories regarded as comodules over k[G]. Let 

{F,^):{A,,,)^{B,,,') 
be a left morphism of A;[G]-comodules. is a fc-linear functor 

F -.A — >B 

and is a fc-linear natural transformation 

F 



^B 




A ® k[G] 



B®k[G]. 



Note that and /x' are identity on objects and, for each object a G can be regarded as an element 

¥^(0) G (B eg) fc[G])(/x'(/^(a)), (1 g) F){n{a))) = B{F{a),F{a)) g) fc[G]. 
The condition that 1^ is a /c-linear natural transformation implies that the following diagram is commutative 

A{a, a') 

£-1 



A{a,a') (g) 1 



{A{a,a')(S>k[G]) (g) 1 



(F»l)®^(a) 



(B(F(a), F(a')) ® k[G]) (B(F{a), F(a)) ® fe[G]) 



1 A{a, a') 
10B(F{a),F{a')) 
(B{F(a'),F(a') fc[G]) ® {B{F(a),F(a')) fe[G]) 



B(F(a),F{a'))0k[G]. 
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Suppose (p{a) is of the form 

for some 992(0) € G and suppose / G A'^{a,a') and G S'' {F{a), F{a')). Then we have 

M/) = .f<Sih 

and the commutativity of the diagram impUes 

F{f) ® {h^2{a)) = F{f) ® iMa'W)- 

In other words, F restricts to 

F : A'^=^('^')9(a,a') > ^^'^^("^(^^(a), F(a')). 

This is the definition of degree preserving functor in Definition 4.1(2) in [Asab]. □ 
Definition 3.16. Let / be a smaU category. A left morphism 

(F,^):(X,/z)^(X',^') 



in Comod-(/ eg) 1) is called degree-preserving if there exists a family of morphisms in / 

^2(x) G Movi{p'{F{x)),p{x)) C Movi^{p'{F{x)),p{x)) = Movv{l,{I ® l){p'{F{x)),p{x))) 

with 

(p{x) = 1 (g) (p2{x). 

We define degree preserving right morphisms in the same way. 
Remeirk 3.17. We required that (^2(2;) is homogeneous in the sense that it belongs to / not in / (g) 1. 



Definition 3.18. Let / be a small category. The subcategories of the 2-categories Comod-(7 (81 1) and 
Comod-(/ (8) l)consisting of degree preserving (left or right) morphisms are denoted by V-Categories/ and 
V-Categories/ and called the 2-categories of left or right /-graded V-categories, respectively. 

Remeirk 3.19. The definition of morphisms of graded categories in [Low08] requires ip to be the identity. 

3.3 The Grothendieck Construction as a Graded Category 

In this section, we extend the Grothendieck construction for oplax functors to a 2-functor 



Gr : Oplcix(/, V-Categories) — > V-Categories/. 
Let us begin with objects. 
Definition 3.20. For an oplax functor 

X : I — > V-Categories, 

define a V-functor 

lix : Gr(X) Gi{X) (g) (/ 1) 

as follows. On objects, 

fix : Gr(X)o = [J X{i)o x {i} Gr(X)o ® Iq 

ieio 

is defined by 

IJ,x{x,i) = {x,i,i). 

Define, on each component of morphisms, by 

Gi{X){{x,i),{y,j)) ^ {Gv{X)^{I^lMx,i),{y,j)) 

X{j){X{u){x),y) ^ > X{j){X{u){x),y)®{lCl$l) X{j){X{u){x),y) ^ {u (li 1). 
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Let 

{F, If) -.X — >X' 

be a left morphism of oplax functors. Recall that in Definition 3.4, we defined a V-functor 

Gi{F, if) : Gr(X) — > Gr(X'). 



In order to obtain a left morphism in Comod-(/ (8) 1), we need a V-natural transformation 

Gr((^) : lix' o Gr(F, =^ (Gr(i^, ip)®l)o^x- 
Definition 3.21. For a left morphism of oplax functors 

{F,^):X^X', 

define a V-natural transformation 

Gr(^) : ^lx' o Gv{F) =^ (Gr(F) 1) o 

namely a morphism 

Gv{ip){x, i) : 1 ^ (Gr(X') ® (/ ® o Gr(F))(a;, i), (Gr(F) <S> 1) o ^^(x, i)) 

= X'{i){F{x),F{x)) (g) (Morj(i,i) O 1) 

by the identity morphism 

GT{ip){x,i) = lp(^x) (g) Ij. 
Lemma 3.22. The pair {Gi{F, (p),Gi{ip)) defines a left morphism 

{Gt{F,^),Gv{<p)) : {Gv{X),^,x) (Gr(X'),Mx') 



in V -Categories/. 



Proof. It is easy to check that (Gr(F, ip), Gv{ip)) is a left morphism in Comod-(J $5 1). 
For an object {x,i) in Gv{X), define 

Gi{ip)2{x,i) = li : 1 — > (7(8)l)(i,i). 

Then Gr{(p){x,i) = ^f(x) ® Gr{ip)2{x,i) and we have a degree preserving left morphism. □ 

Let 

be morphisms of oplax functors. For a 2-morphism 

0:{F,^)^{G,i,) 



in OpIax(7, V- Categories), we have defined a V-natural transformation 

Gr(6i) : Gr(F, y.) =^ Gr(G, V) 

in Definition 3.5. 

Lemma 3.23. The above constructions define a functor 



Gr : Oplax(/, V-Categories)(X,X') — > (V-Categories/)(Gr(X), Gr(X')). 
Proof. We need to check the following: 
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1. For a 2-morphism 9 in Oplax(/, V-Categories), Gr(^) is a 2-morphism. in (/ (g) l)-Comod, i.e. it makes 
the following diagram commutative 

MX' o Gr(F, <p) (F ® 1) o 



(Gr(6l)01)o^x 



MX' o Gr(G, V) (G 1) o M- 



2. Gr(l(i;'_y)) = l(Gr(F,vj),Gr(v5)) for a l-morphism {F,ip) in Oplax(/, V-Categories). 

3. For 2-morpliisms 



we have 

Gr((92o6li) = Gr(6'2)oGr(6'i). 

The first and second parts are obvious from the definition of Gr{9). For the third part, recall that both 
compositions 62 o Oi and Gr(^2) ° Gr(^i) are compositions of natural transformations. The equality follows from 
the definition of the composition of natural transformations. □ 

Proposition 3.24. The above constructions make the Grothendieck construction into a 2-functor 



Gr : Oplax(7, V-Categories) — > V-Categoriesj C Comod-(7 (8> 1). 

Proof. It remains to prove the following: 
1. The following diagram is commutative 



Oplax(/, V-Categories)(X',X") x Oplax(/, V-Categories)(X, X') 



Oplax(/, V-Categories){X, X") 



(V-Categories/)(Gr(X'),Gr(X")) x (F-Categories/){Gr(X), Gr(X')) »- (V-Categories/){Gr(X), Gr(X")). 

2. The following diagram is commutative 



Oplax(7, F-Categories)(X, X) 



Gr 



(V-Categories7)(Gr(X), Gv{X)), 

where 1 in the diagram is the trivial category. 
For morphisms of oplax functors 

X X' ^^'^ X" 

the composition {F',(p') o {F,(p) is given by 

{F',<p')o{F,<p) = {F'oF,^'o^) 

and 

Gr((F', o (F, ^)) = (Gr(F' oF,^'o Gr(^' o ^)). 

For {x,i) e Gr(X)o, 

Gr(F' o F, (p' o ^){x, i) = ((F' o F){i){x), i) = {F' {i){F{i){x)), i) = Gr(F')(Gr(F)(a;, ij). 

For morphisms in Gr{X), the compatibility of the compositions and Gr follows from the definition of morphisms 

of oplax functors. 

The second part is obvious. □ 
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We also obtain a 2-functor 



Gr : Lax(7°^, V-Categories) — > V-Categories/. 



The details are omitted. 



4 Comma Categories and the Smash Product Construction 

Given a functor 

p:E — >I 

of small categories, the inverse image p~^{x) of x S /q is a natural candidate for the fiber over x. There are 
two more ways to take fibers, which should be regarded as "homotopy fibers" , i.e. comma categories p [ x and 
X ip, thanks to the work of Quillen [Qui73] . 

In this section, we extend definitions of these fibers to enriched contexts. 

4.1 Fibers of Gradings 

As we have seen in §3.2, a correct enriched analogue of a functor 

p:E — 

is a grading 

H:E — yE(i){I®l). 
In this section, we define fibers of a grading. 
Definition 4.1. Let 7 be a small category and 

H:E — >E®{I®1) 
be an /-grading. For each object i & Iq, define a V-category E\i by 

{E\i)Q = {e&Eo I ^J^{e) = {e,i)] 
and, for e, e' € {E\i)o, (£'|j)(e,e') is defined by the following puUback diagram 

{E\i){e,e') ^ E{e,e') 



E{e, e') (8> 1 E{e, e') i) 1). 

The composition is defined by the following diagram 



(E\i)(e',e")®(E\i)(e,e') 



E{e',e")0E{e,: 



iE\i){e,e") 



E{e, e") 



E(e,e")«l 



E{e,e")^I(i,i)^l 



E(e', e") i» 1 (» E(e, e') ® 1 



-E(e', e") ® «) ® 1 ® E(e, e') ® /(i, i) ® 1. 



The following is an analogue ofp [i. 
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Definition 4.2. Let 

be an /-grading and define 



H-.E — >E(g,{I(gil) 



p = pr2 o/io : Eo — > Eq x /q — > -^o- 
For each object i & lo, define a V-category /z J, i as follows. Objects are defined by 

(/^i«)o= ]]_{e} xMoii{p{e),i). 

eeEo 



For (e, u), (e', u') € (/^ J, z)o, define an object {fi J, i)((e, u), (e', u')) in V by the following puUback diagram 



in V 



{l,ii){{e,u),{e',u')) ^ E{e,e') 



(i?®(/®l))((e,p(e)),(e',p(e'))) 



E{e,e')^{I®l){p{e),p{e')) 



l<g)U* 



E(e, e') ® 1 i;(e, e') (/ l)(p(e), i). 



In I i, the identity morphisms are defined by 




E{e,e) 

E{e, e) (g) 1 ^^-^ £;(e, e) (g) (7 l)(p(e), «)• 

The composition 

(m i ^){{e', u'), (e", u")) ® i »)((e, «), (e', w')) ^ (m i ^){{e, u), (e", z*")) 
is given by the following diagram 
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Definition 4.3. Let 

be an /-grading and define 



H-.E — >E(g,{I(gil) 



p = pr2 o/j. : — > Eo x Iq — > Iq- 
For each i G lo, define a V-category i I n as follows. Objects are defined by 

(U/^)o= U Moi I {i,p{e)) X {e}. 

eEEo 

Define {i J, /x)((e,zt), (e',u')) by the following puUback diagram 



(UM)((«,e),K,e')) 



E{e,e') 



(/;®(/®l))((e,p(e)),(e',p(e'))) 



^(e,e')®(/0l)(p(e),p(e')) 

i;(e, e') (g) 1 ^ £;(e, e') (g) (/ (g) l)(z,p(e')). 

The identities and compositions are defined analogously to the case of J, i. 

It follows from the fact that is a functor satisfying coassociativity and counitality that /i J. i is a V-category 

for each i G /q- 

Remark 4.4. (fi J, i){{e, u), (e', u')) can be also defined by an equalizer 

in i i){{e, u), (e', u')) E{e, e') E{e, e') l)(p(e), i) 

u 

These "homotopy fibers" define functors on I. 
Definition 4.5. Let S be a right /-graded category. Then define 

r {jj) : I — > V-Categories 

as follows. For i e /q 

r(/x)« = Mi«- 

For a morphism u:i^i''m.I, define a V-functor 

T{„){u) : r (m)(*) r 

as follows. For an object {e,v) in F = /U J. i, define 

T {ij){u){e,v) = {e,uov). 

The morphism 

r : r (z)((e, v), (e', i;')) ^ F (/i)(i')((e, u o v), (e', u o v')) 
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is defined by the following commutative diagram 

^(M)(^)((e,^;),(e^^;')) ^ E{e,e') 



E{e,e')(&{I®l)(p{e),p{e')) 



E{e,e') ® 1 




E{e,e')^{I^l){p{e),i'). 



Dually, for an /-graded category 
define 
by 

on objects and 



IJ,:E — > E^{I(g)l), 
'r{n) : I°P — > V-Categories 

'T{li){u){e,v) = {e,vou). 



for a morphism u : i' i. 

Lemma 4.6. F (/x) and F (/x) are functors. 

Proof. Let us check T (fj,) is a functor. The case of T (/x) is analogous. For an identity morphism 

li : i — >■ i 

in I, the morphism 

r(/x)(lO : r(/x)«((e,t^),(e',^;')) ^ r(M)(i)((e,t;),(e',t;')) 
is defined by the following diagram 



T{n)me,v),{e',v')) 



E{e,e') 



E{e, e') (g) 1 



E{e,e')^{I®l){p{e),p{e')) 
£;(e,e')<8>(/(8)l)(p(e 

li8(ljOt)) 




E{e,e')®{I<»l){p{e),i). 



It follows that r (/u)(li) is the identity morphism. 
For a composable morphisms 



«1 . U2 . 

«0 > «1 > «2 



in /, the composition 

F (/u)(u2) o F (At)(ui) : F (/z)(io)((i, v), («',«')) — ' ^ (/u)(i2)((e, U2 o wi o t;), (e', U2 o wi o f')) 
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□ 



satisfies the universality of the pullback and we have 

Example 4.7. Consider the case / is a group G and V = fc-Mod. For a G-graded category 

fj,: A — > A (g) k[G] 

we obtain a functor ^ 

r (ii) : G — > /c-Categories. 

Since G has a single object *, F (/i) is determined by the /c-linear category F and an action of G on it. 

The fc- linear category F has objects 

I^(/«)(*)o = {(a;, 5) I a; e Ao,5 e More (*,*)} = x G. 
The fc-module of morphisms F (/x)(*)((a;, 5), {y,h)) is given by the pullback diagram 



F(M)(*)((x,5),(t/,/i)) 



A(a;,y) 1 

Since /x is G-grading, we have a coproduct decomposition 



A(a;,y) 



A{x,y)®k[G] 

h, 

A{x,y)^k[G]. 



and, for / € A^(a;,y), is given by 
Thus we have an identification 



A{x,y) = ^A^{x,y) 
geG 



T{t,){*){{x,g),{y,h))^A^-''^{x,y) 
for g,h G G. The is the smash product construction in [CM06, Asaa, Asab]. 

Let us extend F and F as 2-functors 



□ 



F : V-Categories/ — * OplcLx(7, V-Categories) 



Definition 4.8. Let 



F : V-Categories/ — > Lax(7''^, V-Categories). 



be a morphism in V- Categories/, i.e. a degree-preserving left morphism in Comod-(7 1). tp can be written 
as 

tp{e) = 1 (g) tp2{e) 

for >p2{e) € Mor/(y(F(e)),p(e)). 

Define a left morphism of oplax functors 



(F(F,^),F(^)) : F(/x) ^ F (m') 
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as follows. For each i G Iq, define a V- functor 

r{F,^)ii):T{„)ii)^T{i,'m 

by 

r{F,<p){i){e,v) = {F{e),vo^2{e)) 

for an object {e,v) E r(/i)(i)o and 

r (F, : r (M)(0((e, v), (e', v')) T {^^'){^}{{F{e),v o ^^{e)), {F{e'), v' o ^^{e'))) 
is defined by the commutativity of the following diagram 

T{i,){i){{e,v\{e',v')) ^ E{e,e') ^ E'{F{e),F{e')) 



E{e, e') ® (7 ® l)(p(e),p(e')) E'{F{e), F{e')) ® (7 ® l)(p'(F(e)),p'(F(e'))) 



E{e, e') (g) 1 



E'{F{e),F{e'))®l 



1®V 



£(e,e') ® (7® l)(p(e),i) 75'(F(e), F(e')) ® (7 ® l)(p'(7^(e)),Ke')) 



l(g)vo(pi(e) 



E'{F{e\F{e'))®{I®l){p'{F{e)li\ 



where the commutativity of the top right hexagon follows from the naturality of 
For each u:i^i'\nl and (e, u) G F (/x)(i)o, define 

T{^){u){e, v):l^ T {„'){i'){(T {n'){u) o r{F, <p))(e, v), ( F (F, o F (M)(«))(e, ^;)) 

= r{ti'){i'){{F{e),u o o vP2(e))), (F(e), (w o o ^2(e))) 

to be the identity. 
Definition 4.9. Let 

{F,ip)AG,i')■.iE,^l)^iE',^l') 

be left morphisms of /-graded V-categories. For a 2-rnorphism 



in V-Categories/, define a 2-morpliisni in Oplax(/, V-Categories) 

r(e) : {r{F,^),r{^)) =^ (r(G,v), rW) 

i.e. a V-natural transformation 

r(0: r(F,^)^ r(G,v) 

by the following diagram 

«(e) 



1 



£;'(F(e),G(e)) 



F {fi'){{F{e), V o ^2(e)), (G(e), o ^2(6))) 



F'(F(e),G(e))®l 



l(g)j;o(^2(e) 



i?'(F(e), G(e)) ® (/ ® l)(y(F(e)),y(G(e))) 

l®(t>oi/)2(e))» 

F'(F(e),G(e))®(/®l)(y(F(e)),»). 



42 



Lemma 4.10. The above constructions define a functor 



r : V-Categories/((/i),(/x')) — ' Oplax(7, T-Categories)( T (/i), Tin')). 

Proof. By the universality of pullback, the identity natural transformation induces the identity. For composable 
2-morphisms 



(Jb,<^0) =^ (-Fl, Vl) =^ (^2,<^2), 



consider the following diagram 

1 



(e20«i)(e) 



E'{Fo{e),F2{e)) 



(6<=ei)(e) 



r {E')((Fr{e),vo (^i2(e)), {F2{e),v o ^22(e))) (g) T {E')((Fo{e),v o ipo2{e)), {Fr{e),v o ipi2(e))) 



T{E')({Fo(e), V o <^02(e)), {F2(e),v o ¥^02(6))) 



£;'(Fo(e),F2(e))® 1 



i?'(Fo(e),-F2(e)) 



E'{F„{e),F2(e)) ® (/ ® l)(p'(Fo(e)),i). 



The commutativity of the diagram and the universality of the pullback implies that 

(r(6) o r(a))(e, v) = r(6)(e, v) o r(a)(e, v). 

It is not hard to see that F preserves the identity left morphisms and compositions of left morphisms. 
Proposition 4.11. We obtain a 2-functor 



□ 



r : V-Categories/ > Oplax(/, T^-Categories). 

Proof. Strict 2-categories are categories enriched over Categories. By definition of enriched functors (Definition 
2.31), it suffices to prove that the following diagrams are commutative in Categories. 



1 



F- Categories/ ((/i), (/i)) 



Oplax(7, F-Categories)( r (/x), T {fj.)) 



V- Categories/ (^', x V-Categories/(^, //') 



y-Categories/(^, fi" 



Oplax(/. V-Categories)(r (//), T (//')) x Oplax(/, y-Categories)( T (/j), T (//)) *■ Oplax(/, V-Categories)( T (/i). T (//')) 

The commutativity of the first diagram is obvious. It is tedious but straightforward to check the commuta- 
tivity of the second diagram. □ 

Dually we have 

Proposition 4.12. We obtain a 2-functor 



r : V-Categories/ — > Lax(/°^, V-Categories). 
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4.2 Fibered and Cofibered Categories 

We have seen in §4.1 that there are three ways to take a fiber over an object i G Iq for an /-graded category 

H-.E — >^ 0(7 1). 

We have also seen that two of them, fi i i and tin can be extended to 2-functors 

r : V-Categories/ — > Oplax(J, V-Categories), 
r : y-Categories/ — > Lax(J°^, V-Categories). 

In the case of non-cnrichcd categories, wc need the notions of fibcrcd and cofibered categories introduced by 
Grothendieck in order to extend the remaining construction E\i to a 2-functor. A definition of fibered /-graded 
category is introduced for fc-Unear categories by Lowen [Low08] recently. We reformulate Lowen's definition in 
order to incorporate it into our definition of graded categories. 

The idea of Grothendieck is to compare Tco{{n){i) and E\i for a given /-graded category 

H-.E — ^ /; (g) (/ (g) 1). 
Definition 4.13. Let fx : E ^ E ^ {I ^ 1) he a,n /-graded category. Define 

ii : E\i — > fj, I i 

as follows. For e e {E\i)o, 

ii{e) = (e,li). 

For e,e' e {E\i)o, 

ii : {E\i){e,e') ifx I i){{e,li),{e' 

is defined by the following diagram 
iE\i){e,e') 




E{e, e') (8> 1 J^iv E{e, e') i) ® 1. 

Similarly we define 

ji ■■E\i — > i i M 

by 

ji(e) = (e, li) 

on objects. 

Lemma 4.14. For each i G /q, 

H ■ E\i — > n li, 
ji ■■ E\i — > i i /X 

are V-functors. 

We define prefibered and precofibered categories in terms of these functors. 
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Definition 4.15. When U has a left adjoint 

Sii fi ii — >■ E\i 

for each i G /q, is called precofibered. The collection {si}ie/o is called a precofibered structure on /j.. 
When ji has a right adjoint 

U ■■ i I fJ, — > E\i 

for each i G Iq, jj. is called prefibered. The collection {ti}i^ig is called a prefibered structure on /i. 

We obtain a lax functor from a prefibered category. 
Definition 4.16. Let 

fi-.E — >E®{I<g>l) 

be a prefibered category. For i & Iq, define 

rfib{i^)(i) = E\i. 

For a morphism u : i —> i' in I, define 

rfib(M)(w) : E\i, E\i 

by the composition 

E\i' — >i i At — > t I fJ. — 
Dually, for a precofibered category 

H:E — >E(^{I(g)l), 

define 

reof(M)(i) = E\i 

for each i & Iq and define 

T^oiMiu) : E\i —y E\i, 

for each m : i — > by the composition 

E\i — > M i « — ^ Mi* — >--B|j'- 

Lemma 4.17. When ji is prefibered 

rfib(At) : — > y-Categories 
is a lax functor. When fi is precofibered 

rcof(M) • I — ^ V -Categories 

is an oplax functor. 

Proof. For a composable morphisms i — ^ i' i", we have the following diagram 

Tfib rfib(^)(«') 



E\i ^^^^'E 
u 

r^W(«)., 



rW(«').„ 



By definition, we have a natural transformation 
for each i & Iq. Define 

Ou',u ■ rfib(At)(w) ° rfib(M)(w') rfib(M)(w' o 

45 



by using e^/ 

rfib(M)(w) °^6b{i^){u') = {u o r(/x)(u) oji,) o {ti' o r(/x)('u) oj^//) 

=^ o r (/x) (u) o r (/i) (m' ) o jV/ = t j o r (^u) («' o o j^// = (/x) («' o . 

Then we obtain a lax functor. 

Similarly, if fi is precofibered, define 

6u',u ■ Tcof o w) Tcof (At)('u') o rcof(At)(u) 

by using 

Vi' ■ l^li, — >■ V o Si'- 

And we obtain an oplax functor. □ 

Definition 4.18. We say a prefibered /-graded category ^ : E ^ E ® {I <S: 1) is fibered if the above natural 
transformations e^, hence 6u',u, are isomorphisms. A precofibered category is called cofibered if r]i' are all 
natural isomorphisms. 

We would like to define morphisms of prefibered and precofibered categories corresponding to morphisms of 
lax and oplax functors under Ffib and Fcof- 

Definition 4.19. Let 

^ : E — >S®(/®1) 
/x' : E' — >E'(E){I(E) 1) 

be prefibered graded categories over /. A morphism of prefibered graded categories from fi to /x' is a right 
morphism 

{F,ip):{E,^)^{E',f,') 



of /-graded categories. 2-morphisms are also 2-morphisms in V- Categories/. 
Definition 4.20. Let 

(F,^) : {E,^i) (F',m') 
be a morphism of prefibered /-graded categories. Define a right morphism of lax functors 

(rfib(F,(p),rfib((p)) : rfib(M) rfib(/x') 

as follows. For an object i G /q, we need to define a functor 

rfib{F,^){i):E\i^E'\i. 

For e G {E\i)o, we have 

ip{e) : i = p{e) ^p'{F{e)). 
In other words, {F{e), <^(e)) G (i J. /x')o. By applying 

: i i m' ^ E'\i 

we obtain 

Ffib(/',^)(i)(e) =t:(F(e),<^(e)) G {E'U)o. 
For a pair of objects e, e' G {E\i)o, define 

{E\i){e,e') {E'\i){Tfik{F,^){i){e),Tfi^{F,ip){t){e')) 

by the composition 

{E\,)ie,e')^i^lE')me),<p{e)),{F{e'),<p{e')))^{E'Um^^^^ 



46 



where F is defined by the following diagram 

E{e,e) 




~^E'){{F{e),v{e)),{F{e'),v{e'))) E'{F{e),F{e')) 



E'{F{e),F{e')) E'{F{e),F{e')) <^ {I ®l){i,p'{F{e'))). 



The commutativity of the outside square conies from the naturality of ^p. 
We define Tfcbisp) for 

El, E'l, 




as follows. The adjunction Si induces 
which in turn induces 



or 



rtib(/:i)(«) 

F{ti{e,u)) ^ F{e), 
ji{F{Uie,u)))^iF{e),ip{e)) 
F{ti{e,u))^ti{F{e),ip{e)) 



and we obtain a morphism 



iF{U{e,u)),^{ti{e,u))) {t',{F{e),v{e)),u) 
mil fJ-'- By applying t-, we obtain rfib(</?). 

For 2-morphisms we define as follows. 
Definition 4.21. Let 

{F,^)AG,^P):{E,^i)^{E\^^') 
be right morphisms of prefibered /-graded categories. For a 2-morphism 

^(i^,<^)=^(G,V), 

define a morphism of right transformations 

rfib(0 : (rfib(F,^),rfib(v)) =^ (rfib(G,V),rfib(V')) 

as follows. For i G Xq, we need to define a V-natural transformation 

rfib(0(i) : rfib(F,^)(i) =^ rfib(G, 

For each object e in E\i, we have 



We also have a commutative diagram 



C(e):F(e)^G(e). 



Pie) ^ p'{F{e)) 



P'«(e)) 



X — Pie) — p'{G{e)) 
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and we have a morphism 

C(e):(F(e),^(e))— .(G(e),V(e)) 

in i I n' and we obtain 

rfib(OW(e) e E'{t:,{F{e),^{e)),t'i{G{e),^l,{e))) = (i?'|0(rfib(i^, <p)(i)(e),rfib(G, V)W(e)). 
It is not difficult to check that rf;b(0 satisfies the condition for a morphism of right transformation. 

The above definitions can be duahzed and we obtain a 2-functor Fcof ■ 
Proposition 4.22. We have 2-functors 

Tfib : Prefibered(/) — > La^(/°P, F-Categories), 

i 

Fcof : Precofibered(7) — > Oplax(/, V-Categories), 

whose behaviors on objects are given by FfiblA*) '^'^'^ Tcof (m); respectively. 

5 The Grothendieck Construction as Left Adjoints 

In §3.3, we have seen that the Grothendieck construction defines a 2-functor 

Gr : Oplax(7, V-Categories) — > V-Categories/ C Comod-(/(8i 1). 
We have constructed 2-functors 

r : V-Categories/ — > Funct(/, V-Categories) C Oplax(7, V-Categories) 

and 

Fcof : Cofibered(7) — > Oplax(7, V-Categories) 

in §4. ^ 

The aim of this section is to show that Gr is left adjoint to F . We also show that a restriction of Gr to 
a certain 2-subcategory is left adjoint to Fcof in a weak sense. We, of course, have "lax versions" of these 
adjunctions. 

By composing the forgetful functor, we obtain 

Gr : Oplax(7, V-Categories) — > V-Categories, 

which is the 2-functor Gr defined in §3.1. We show that this 2-functor also has a right adjoint in §A.2. 

5.1 The Grothendieck Construction and Graded Categories 

In this section, we prove that F is right adjoint to Gr. 

Theorem 5.1. For an oplax functor X : 7 — > V-Categories and an I-graded category ^ : E ^ E ® {I 
we have an isomorphism of categories 

(V-Categories7)((Gr(X), /ix), {E, ijl)) ^ Oplax(7, V-Categories) (X, T{ijl)). 
We need to define morphisms 

Vx ■ X — > F (/ix), 

i < 

in Oplax(7, V-Categories) and V- Categories/, respectively. 

Let us first define rjx- We need to define a family of functors 

rjx{^ : X(i) r (Mx)(i) 
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indexed by i S /q and a family of natural transformations 

r]x{u) : r o ilx{i) VxU) o X{u) 

indexed by morphisms u : i ^ j in I. 
Objects of r {ij.x){i) are given by 

r(/xx)Wo= II {(x,j)} xMor,(j,z) 

(x,j)eGr(X)o 

and we have a canonical inclusion 

r]x{t) : Xii)o ^ Xii)o x {i} x {!,} C T (mx)«o. 

For x,x' G -'ir(«)o! 

r {lJ'x){i){vxii){x), T]x{i){x')) = r (/zx)((a;,z, 1,), {x',i, U)) 
is defined by the following pullback diagram 

^{^,x){{x,^,h),{^',i,W) Gr{X){{x,i),{x',i)) — ® X(i){X{u){x),x') ^ {{u} ^ 1) 



GY{X){{x,i),{x',i))<»l 



X{i){X{u){x), x') ® (M ® 1) ^ 1 



X(z)(X(w)(x),a;') ® {{u} ® 1) (x) {{u} ® 1) 



l(8)li 



Gr(X)((a;, i), {x',i)) O (7 ® l)(i, i) 



and we have 

r z, li), {x', i, h)) ^ Xii)ix, x') X {!,}. 

This identification defines a functor 

nxii) : x{i) r 

by the canonical inclusion. 

For a morphism u : i j and an object x G X{i), we have 

T {ij,x){u) orix{i)ix) = 

r?x(j)oX(u)(x) = {X{u){x),j,lj). 

Define a morphism in V 

Vx{u)ix) : 1 T{^ix)U)Cr{nx){u)or,x{i){x),vx{j)oX{u){x)) = r{nx){mx,i,u),{X{u){x),j,lj)) 
by the following diagram 



X{j)iX{u){x),X{u){x)) ({«} «. 1) 



f (Mx)0-)((x,i,«),(X(«)(x),j,l,)) Gr(X)((x,i),(X(„)(x),i)) = © W, ({.} ® 1) 



Gr(X)((x,j),(X(u)(x),i))®l 



Gr(X)((a;,i), (X j)) ® (/ l)(j, j) 
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Lemma 5.2. The above construction defines a morphism of oplax functors 

rjx-.X ^ Tinx). 
Proof. We need to check the fohowing diagrams are commutative. 

T{nx)iU) o vx(i) =^ Vx{i) o X{li) 



■■Vx{i)olx{i) 



r {iJ,x){v ou)o r]x{k) =^ r {iJLx){u) o r {iix){v) o r]x{k) =^ T {ijlx){u) o r]x{j) o X{v) 



=^r]x{k)oX{v)oX{u). 



ilx{k) o X{v o u) 

The commutativity of these diagrams follows from the commutativity of diagrams of 2-morphisms in Definition 
2.42. The details are omitted. □ 

Let us define for an /-graded category {E, fi). We need to define a V"- functor 

: Gr( r (/x)) E 

and a V-natural transformation 



Gr( r (/i)) >-"6r( r^(/x)) (7 ® 1) 




e e Eo,u € . 



E- ^-^E^{I (gil). 

Let us denote the map induced by fj, on objects by 

lio = Ieo X P ■ Eo — > EqX Iq. 
e'^ is defines as follows. Objects of Gr(r (//)) are given by 

Gr(r (m))o = II r(/^)Wo X \i} = II {(e,Ke) ^ 

For objects (e, u, i), (e', u', i') in Gr( F (/x)), 

Gr(r(M))((e,n,i),(e',«',i'))= F (/x)(i')(r (M)(t;)(e, u), (eV)) 

and each component F (/x)(^')((e, o -u), (e'j'u')) is defined by the following puUback diagram 

T{^i){i'){{e,vou),{e\u')) ^ E{e,e') 



E{e,e')(^{I®l){p{e),p{e')) 



E{e, e') (8) 1 ^ E{e, e') O (/ (g) l)(p(e), i'). 
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£^ is defined by the top morphism in the above diagram. 
For an object (x, u, i) £ Gr( F (/x)), define 



by 



e'^{x,u,i) : 1 (7 o e^(a;, u, . (a;, u, i)) = (7 O l)(p(e),i) 



It is tedious but elementary to check that £^ is a V-natural transformation and we obtain a morphism 
= {e'^,e'P in T-Categories^. 



Lemma 5.3. The pair = {e'f^,£'P is a morphism in V -Categories/. 

Proof of Theorem 5.1. It remains to check the following diagrams are commutative 



Gr 

Gr or} 

GroF oG^j^Gr 
For an oplax functor X, consider the composition 



F =^ F oGroF 



ro£ 



For objects, we have 



Gr(X) Gr(T{iix)) Gr(X). 



{x,i) I — > {x,li,i) I — > {x,i). 



For objects {x,i), {x',i') in Gr(X), we have 

Gr(r(/xx))(»?x(a;,i),r?x(a;',0) 



T{f,x){i'){r{f,x){u)ix, U), {x', V)) 
T{^ix){mx,u),ix',U,)) 



and each component T {ij.x){i'){{x,u), {x' can be identified with X{i'){X{u){x),x'). It follows that the 
composition 

Gy{X){{x, i), {x', i')) Gr( r i),Vx{x', i')) Gr{X){{x, i), {x, i')) 

is the identity. 

For an 7-graded category fj. : E ^ E ^ {I ^ 1), consider the composition 

r (m) r (Gr( F (m))) Tin) 

of morphisms of oplax functors. Note that F takes values in strict functors and ^/<p and F (e^) are ordinary 
natural transformations. Thus it suflaces to consider the composition 

F r (Gr(r (/z)))(z) ^-^^ F 



of V- functors for each object i <E Iq- 
Objects of riGT{r {fi))){i) are 



r (Gr(r (/x)))(i)o = U {(e,p(e)^j,i)}xMor,(i,i) 

(e,p(e)^i,i)eGr(I^(/t))o 
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and, for (e,u) e r(/x)(i)o, 



(r(£^)or?-r(^P(e,u) = r(e^)((e,«,i),li) 



= (e;^(e,u,i),liO£j^(e,«,i)) 
= (e,«). 



The composition 



r(eM) 



r{^^)me,u),{e',u')) ^' T (Gr( T (/x))) W((e, (e', u', z)) T (/x)(z)((e, ^.), (e', 

is easily seen to be the identity, since r/ is given by the canonical inclusion and e' is given by the projection. □ 

5.2 The Smash Product Construction for Precofibered and Prefibered Categories 

In this section, we study the relations between V and Fcof and F and Ffib for precofibered and prefibered 
categories, respectively. We concentrate on the case of precofibered categories. The case of prefibered categories 
is analogous and is left to the reader. 

Lemma 5.4. Let E ^ E ® {I ®1) be a precofibered I -graded category. The family of functors 

k ■■ rcof(M)(0 r(/x)(i) 

indexed by i G lo defines a left transformation of oplax functors 

i : Fcof(M) — > r (/x). 
Proof. For u : i ^ i' in I , we have the following diagram 

Tcoii^^){^) ^ r(/x)(i) 



Tcof (;*)(") 





F(/.)(i) 



r(^)(u) 



F(M)(i') 



Fcof(M)(i') 




F(/x)(z') 



Since s,/ is left adjoint to ii', we have a V-natural transformation 



1 



r(/i)(i') 



li' O Si', 



which induces a left transformation. 



□ 



We only need the fact that Sj' is left adjoint to ii' in the above proof and thus a similar argument implies 
that we obtain a right transformation from {sj}. 

Lemma 5.5. The functors 

Si : F(/i)(z) — > Tco[{fJ.){i) 
defines a right transformation of oplax functors from F (n) to Fcof (m). 
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When the natural transformations : Si o 

transformation. 



^TcosMii) natural isomorphisms, we obtain a left 



Corollary 5.6. When /U is precofibered and {gj} are natural isomorphisms, we obtain a left transformation 

s : r (m) Teof (m)- 

Corollary 5.7. Let ^ be a precofibered I-graded V -category. If the natural transformations 



El 



Si O li 

1 



1 



r(A')W 



rcot (/*)(«) 
ii o Si 



are natural isomorphisms, for any oplax functor X : I ^ V -Categories, the above left transformations induce 
an equivalence of categories 



i : Oplax(/, y-Categories)(X, T (fx)) < — > Oplax(J, y-Categories)(X, Tcof (m)) : s. 
Corollary 5.8. Under the assumptions as above, we have an equivalence of categories 



F-Categoriesj(Gr(X),/i) ~ Oplax(7, V-Categories)(X,rcof(M))- 

In other words, under these assumptions, Fcof can be regarded as a right adjoint functor to Gr in a weak 
sense. 



A Appendices 

A.l Enriched Categories by Comodules 

Given a set S, the category of quivers with the set of vertices is the comma category 

Quivers(5) = Sets i(S x S). 

This category can be made into a monoidal category under the puUback 

YxsX ^ X 



SxS 



pri 



Y 



PI'2 

SxS — S. 



It is a well-known fact that a category X with the set of objects 5 is a monoid object in this monoidal category. 
See [DS04] , for example. This characterization can be generalized to a definition of small enriched categories by 
using the notion of bicomodules, which is the subject of this appendix. For the standard definition of enriched 

categories, see §2.3. 

Our starting point is to regard C-C-bimodulcs as "quivers enriched over V with vertices given by C" . 

Definition A.l. When C — S (E) I for a set S, C-C-bicomodules are called V-quivers with the set of vertices 
S. The category of V-quivers with the set of vertices S is denoted by V- Quivers(S'). 

Lemma 2.26 allows us to define enriched categories without referring to each object. 

Definition A. 2. Let C be a flat comonoid object in V. Then a monoid object in the monoidal category 
(C-Comod-C, Dc, C) is called a category object in V with objects C. 
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For a category object M in V with objects C, the right and left coactions are denoted by 

s : M — > M(8)C 
t : M — > C(8)M 

and called the source and the target. 

When C = S (E) 1 for a set S, a category object in V with objects 5 (81 1 is called a category enriched over 
V , or simply V-catcgory, with the set of objects S. 

Wo use the following convention for simplicity. 

Convention A. 3. For a V-category X, the set of objects is denoted by Xq. As an object of V, X is denoted 
by Xi. 

We also use traditional notations described in §2.3, when we have a coproduct decomposition 

Xi= X{x,y). 

Example A. 4. Let V = fc-Mod. The canonical natural transformation 

0s,T : (S" X T) O 1 — > (5 1) (g) (T O 1) 

is an isomorphism for any S and T. 

A category A enriched over fc-Mod with the set of objects Aq is a fc-module Ai equipped with a bicomodule 
structure 

s : Ai — > (Ao (g) 1), 
t : Ai — > (^0 O 1) <8) Ai 

and a monoid structure 

o : AiQAo®!^! — ' ^1- 

Lemma 2.20 implies that we have a coproduct decomposition 

A,^ A{a,b) 

(a,6)eAoxAo 

and 

AinAo®i^i= A{b,c)(EA{a,b). 

The monoid structure o induces 

o : A{b, c) (g) A{a, b) — > A{a, c). 

The unit 

l: Aq(^1 — > Ai 

induces a morphism 

1 ^ {s} (8> 1 A{a, a) 

serving as identity morphisms. And we obtain the standard definition of fc-linear category. 
Note that we the inclusion 

AiOa^^iAi ^ Ai(g,Ai 

has a canonical retraction 

r:Ai^Ai — > ^inAo0i-4i 

and the composition 

Ai (g) ^1 ^ AiDao^iAi Ai 

makes Ai into an algebra (possibly without a unit). This is the algebra associated with a fc-linear category A, 
which is often denoted by A{A). See [GS83b, CR05], for example. □ 
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Example A. 5. Let Q be a quiver with the set of vertices Qo, i-e. a diagram 

s 

Qi 5^ Qo- 

t 

We obtain a (Qo <8> l)-(Qo ^ l)-biniodule structure on Qi (8) 1 by 

Qi ® 1 

A®1 

(Qi X Qi) X 1 



iQi i8) 1) O (Qo (8i 1) 
We obtain a functor 




{Qi 1) O (Qi (8i 1) 



{Qo O 1) (8i {Qi O 1). 



(-) (g) 1 : Quivers(Qo) — > (Qo ® l)-Comod-((5o O 1) = V- Quivers((5o). 



□ 



Example A. 6. Let V be the category Spaces of topological spaces. As we have seen in Example 2.21, any 
object C is a comonoid and a coaction of C on another object M is determined by a morphism. 

TT : M — >C. 

Thus the category C-Comod-C of bicomodules over C can be identified with the comma category Spaces J, 
C®C, since the monoidal structure is given by the product. The corresponding monoidal structure on Spaces J. 
C C is the monoidal structure described at the beginning of this section. A monoid object M in this monoidal 
category is, therefore, a topological category with the space of objects C. 

When C has a discrete topology, i.e. C = S" (g) 1 for a set S, we have a coproduct decomposition 

]J M{s,t) 
{s,t)es 

as we have seen in Example 2.21 and we obtain the standard definition of a category enriched over Spaces with 
the set of objects S. □ 

Definition A. 7. Let A and B be V-categories. A V-functor from A to S is a morphism of bicomodules 

f = {fo,h):A^B 

making the following diagrams commutative 

Ao «) 1 ^ Ai AiUa^Ai Ai 



fl /iD/i 



The category of V-categories and V-functors is denoted by V-Categories. 

A monoidal structure on V-Categories is induced from the following monoidal structure on the category 
of bicomodules. 
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Definition A. 8. For bicomodules M and A'' over C and D, respectively, define left and right coactions oiC^D 

on M (S)N by 

M^N (M (g) C) (8> (Af (8> £») ^ (M O TV) (8> (C O £>), 

M®N '^^'^ (C(8)M)(8)(£)(8)7V) ^ (C0£))0(M0 7V). 

Lemma A. 9. The above operation makes the category Bicomodules(V) of bicomodules in V into a symmetric 
monoidal category. The unit is given by 

1 — > 1(8>1. 

For V-categories A and B, we would like to define a morphism 

{A (g) A)n(^„^i)^(s„^i)(B ^B)^A^B. 

We have the following diagram 
{A (g) -B)n(Ao®i)0(So®i)(^ ® -S) ^ (g) B) (8> (A (8> B) ^ (A (g> B) {Aq (g) 1) (g) {Bq (g> 1) (g (g B) 



(g ^) (g (B (g) S) ^ (A {Ao (g) 1) A) (B (g) (Bo 1) B). 
t 



(4) 



Lemma A. 10. Suppose the bottom row in the diagram (4) is an equalizer. Then the resulting morphism 

{A B)n(Ao01)x(Bo®l)(^ B) ^ (^DAo®!^) (BnBo0lB) ^ ^ B. 

defines a structure of monoid on A® B. 

If the bottom row in (4) is an equalizer for any V-categories A and B, then we obtain a symmetric monoidal 
structure on V-Categories. 

Remark A. 11. The condition for the above Lemma is satisfied when V is the category of fc-modules, chain 
complexes, topological spaces, simplicial sets, and small categories. 

We also have 2-morphisms in V-Categories. 

Definition A. 12. Let A and B be V-categories and 

f,g:A^B 

be V-functors. A V-natural transformation from f to g 
is a morphism 



: ^0 <8i 1 — > Bi 



satisfying the following conditions: 

1. The following diagram is commutative 



{Ao 1) {Ao 1) Ao 1 — ^ {Ao 1) (^0 1) 



^0/001 

Bi (Bo 1) 



Bi 



Bi (Bo 1). 
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2. The following diagram is commutative 




We have seen in Lemma A. 5 that the "free object functor" 

(-) (8) 1 : Sets — > V 

can be extended to 

( ) $5 1 : Quivers — > V- Quivers . 

It induces a functor 

(— ) (g) 1 : Categories — > V-Categories. 

Lemma A. 13. For a small category I 'with the set of objects Iq and the set of morphisms Ii, define a V -category 
I ®1 by [I ® 1)q = Jo and {I ^ l)i = Ii (g) 1. The structure morphisms are induced by those of I. 
Then we obtain a 2-functor 

(— ) (g) 1 : Categories — > V-Categories. 

A. 2 The Grothendieck Construction as a Left Adjoint to the Diagonal Functor 

Recall from Definition 2.49 that we have the diagonal functor 

A : C — > bplax(/,C). 

The following adjunction is well-known for non-enriched categories. For example, it can be found in Thoma- 
son's [Tho79]. According to Thomason, it is originally due to J. Gray [Gra69]. For the sake of completeness, 
we give a proof of an enriched version of this adjunction. 

Theorem A. 14. For any oplax functor X : I ^ V-Categories and a V -category A, we have the following 
natural isomorphism of categories 

V-Categories(Gr(X),A) ^ Oplax(7, V-Categories) (X, A(A)). 

Proof. We need to define morphisms 

Tlx ■■ X^A(Gr(X)) 
SA : Gr{A{A))^A 

i 

in Oplax(J, V-Categories) and V-Categories, respectively. 
For each i & Iq, 

r]x{i) : X{i) ^ A(Gr(X))(i) = Gr(X). 
is given by the canonical inclusion. For a morphism u : i — > j in 7, we need to define a V-natural transformation 

A(Gr(X))(u) o 7ix{V) =^ vx{j) o X{u). 
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It is given, for x e X{i)q, by the composition 

1 X{3){X{v){x),X{^,){x)) ^ GT{X)iix,i),{X{u){x),j)) = Gr(X)(r?x(»)(-^), 

It is left to the reader to check that these family of morphisms form a V-natural transformation. 
The category Gr(A(^)) has objects 

Gr(A(A))o = ]J A{A){z)o x {t} = Ao x Jq. 
ieio 

For {a,i), {a',i') G Gr(A(A))o, we obtain a morphism 

Gr(A(^))((a,i),(a',0) = A{a,a') A{a,a') (E> {I (g) 

u:i—*-i' 

or 

Gr(A(^)) ^ ^ ® (7 (g) 1). 

The counit £ of 7 (8> 1 induces 

SA : Gr{A{A)) ^A<S,{I®1)^A®1^A. 

It is elementary to chock that rjx and Ea give us adjunctions wc want. The proof is omitted. □ 

Example A. 15. Let G bo a group and consider the case A — fc-Mod. A{A) is /c-Mod equipped with the 

< 

trivial G-action. Thus Oplax(G, fc-Categories)(X, A{A)) is the category of right G-invariant functors from X 
to fc-Mod. (Sec Example 2.51 for right G-invariant functors). 

On the other hand, the category A:-Categories(Gr(X), fc-Mod) is the category of representations of the 
Grothendieck construction of X. Cibils and Marcos [CM06] regard Gr(X) as a version of orbit category. Thus 
we can identify the category of right G-invariant functors with the category of representations of the Cibils- 
Marcos orbit category. This is observed by Asashiba and stated as Theorem 6.2 in [Asaa]. □ 

A. 3 The Grothendieck Construction over Product Type Monoidal Categories 

In this and next sections, we specialize the constructions in this paper to the case V is a product type symmetric 

monoidal category. In this case, we do not need to use comodulcs. 

Throughout this section, V is a product type symmetric monoidal category. Let us modify the Grothendieck 
construction as a 2-functor 



Gr : Oplax(7, V-Categories) — > V-Categories J, 7 (g) 1. 
Definition A. 16. For an oplax functor 

X : I — > V-Categories, 

define 

px : Gt{X) -^1^1 

by 

Px{x,i) = i 

for objects and 

PX : GviX){{x,i),{y,j)) = X{j){X{u){x),y) (7® 

is defined by 

Xij){Xiu){x),y) ^ 1 ^ {«} ® 1 ^ Mor/(z,j) ® 1 = (7 l)(z, j) 

on each component. Recall that we assume that 1 is a terminal object in V. The morphism rj is one of structure 
morphisms of the lax monoidal functor (— ) 1. 
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Definition A. 17. For a morphism of oplax functors 
define 

Gr{F, if) : Gr{X) — > Gr{Y) 

by Definition 3.4. 

Define a natural transformation 

Gr((p) : py o Gr(F, ip) =^ px 

by the identity 

Gr(<^)(i) : py o Gv{F,ip){x,i) = i ^ i = pxix,i). 
Lemma A. 18. The pair {Gt{F, ip), Gr(<^)) is a 1-morphism in V-Categories J, 7 (g) 1. 

Proof. Obvious from the definition. □ 
Definition A. 19. For a 2-morphism 

e:(F,<p)^(G,V) 

in Oplax(/, V-Categories), define 

Gr(0) : (Gr(F,(p),Gr(^)) =^ (Gr(G, V'), Gr(V')) 

< 

in V-Categories i / by 

Gv{e){x,i) = {e{i){x),li) ■■ Gv{F,ip){x,i) = {F{i){x),i) = Gr(G, 

This makes the following diagram of natural transformations commutative 

PY o Gr{F, <p) > PY o Gr(G, V) 




Px 



since all morphisms in the diagram are identity. And we obtain a 2-morphism 

Gr(^) : (Gr(F,<^),Gr(vp)) =^ (Gr(G, V), Gr(V)). 
Lemma 3.23 can be translated as follows. 
Lemma A. 20. The above constructions define a functor 

Gr : bplax{/, V-Categories) (X, X') — > (V-Categories i J ® l)(Gr(X), Gr(X')). 
And Proposition 3.24 becomes the following form. 

Proposition A. 21. The Grothendieck construction defines a functor of Categories- enriched categories, i.e. 
a 2- functor 

Gr : Oplax(J, V-Categories) — > V-Categories J, J (g) 1. 

A. 4 Comma Categories for Emiched Categories 

When V is of product type, we can regard the Grothendieck construction as 

Gr : Oplax(/, V-Categories) — > V-Categories J. (/ ig) 1). 

In order to define a right adjoint to the Grothendieck construction of this form, we need comma categories for 
enriched categories. There seems to be a general theory of comma objects in enriched categories. (See, for 
example, [Woo78].) We choose, however, a more down-to-earth approach, which is enough for our purposes. 
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Definition A. 22. Let V be a monoidal category closed under pullbacks and 

p:E — > B 

be a V-functor. For an object x G Bq, define a V-category p I x as follows. Objects are given by 

(P ix)o= ]J {e} X MovB{p{e),x). 

eeEo 

For a pair (e, /), (e', /') G (p J, x)o, define an object {p i a;)((e, /), (e', /')) in V by the following puUback 
diagram in V 

{Pix)iie,f),{e'j')) E{e,e') 



B{p{e),p{e')) 
f, 

1 ^ B{p{e),x). 

The composition 

{P i x){{e', /'), (e", /")) ® (P i x)((e, /), (e', /')) {p i x){{e, /), (e", /")) 
is defined by the commutativity of the following diagram 

(P i /'), (e", /" )) ® (j> I /), (e', /')) 




(P I a:)((e',/'),(e",/")) »iJWe),p(e')) ■ 



l»(plx)((e,/),(e',/')) 



l»B(j)(e),p(e')) ■ 



(Pi2:)((e,/),(e',/')) ■ 



■ B{p{e'),p{e"))»B{p{e),p{e')) 
B(p(e'),x)8S{p(e),p(e')) 



■ -B(p(e),p(e' 



The identity morphisms are defined by 

1 




B{p{e),p{e)) 



■ E(e',e")0E{e,e') 




£{e,e") 



B(p(e),p(e")) 



• B(p{e),x). 



If we restrict our attention to 1-morphisms in V-Categoriesj, i.e. degree preserving morphisms, we have 
an alternative construction for the smash product. 

Definition A. 23. Let / be a small category and 

p:X — 
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a V-functor. Define a functor 

as follows. For an object i € Iq, 



r (p) : I — > V-Categories 



r{p){i)=pii. 

For a morphism u : i ^ j in I, define a V-functor 

r{u)=piu:p ii — >pij 
as follows. For an object {x,v) inp li, define 

{piu){x,f) = {x,uof). 

For morphisms, 

Piu:{pl i)i{x, /), {x', /')) {p [ mx,uo /), {x,uo /')) 
is defined by the following commutative diagram 



(uof). 




(/Ol)(p(a;),i). 

Remark A. 24. When p is a graded category defined by a coproduct decompositions, we can define F without 
assuming that V is closed under puUbacks. 

For an object i E Iq, the definition of F(f))(i)o is the same. For {x,f),{x',f') G r(i)o, define an object 
r(p)W((x,/),(x',/'))inVby 

r{p){i}{{x,f),{x',f))= X-{x,x'). 

u:f'ou=f 

The composition 

T{p)mx', /'), (x", /" )) ® r{p)mx, /), {x', /')) T{p)mx, /), (x", r )) 

is given by the composition 

X"'(a;', x") O X"(a;, a;') X"'°"(a;, a;") 

on each component. 

For a morphism u : i j in I, define a V-functor 

r{p)iu) : T{p){i) T{p){j) 

as follows. For an object (a;,/) in r{p){i), define 

Tip){u){x,f) = {x,uof). 

For morphisms, define 

T{p){u) : Tip)ii){{x, /), i^', /')) ^ r (p)(j)((a;, u o /), (x, « o /')) 

by the identity 



X''{x,x') -^X''{x,x') 



on each component. 
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It is straightforward to check that the above construction is compatible with the compositions and the 
identities. 

Lemma A. 25. The above construction defines a functor 

T (p) = p I (— ) : I — »• V-Categories. 
We would like to extend F to a 2-functor 



Definition A. 26. Let 



r : V-Categories J, (/ (3 1) — > Oplax(/, V-Categories). 



p : X — >I(g,l 
p' : X' 



be objects in V-Categories J, (7 (g) 1). For a morphism 

{F,ip) :p — >p', 

define a morphism of oplax functors 

{T{F,^),r{^)):T{p)^r{p') 

as follows. For i e. Iq, a V- functor 

r{F, : T{p){i) =pli^p' li= T{p'){i) 

is defined on objects by 

T{F,^){i){x,f) = {F{x),fo^{x)) 
and on morphisms by the commutativity of the following diagram 

(Pii)((^,/),(x',/')) 



(p' li)iiFix),f ovix)),iFix'),f' o<p(x'))) X'(F(x),Fix')) 



X{x,x') 




(/®l)(p'oF(x),p'oF(x')) 



(/®l)(p'of(x),i) 



(/®l)(p(x),p(x')) 



(/g)l)(p(a;),i) 



For each u: i ^ j in I, define a V-natural transformation 

T{^){u) : T{p')iu) o r{F, =^ T{F, ^)(j) o F 

to be the identity. 

It is straightforward to check that the pair (F (F, (p), F (ip)) is a morphism of oplax functors. This corre- 
spondence extends as follows. 

Lemma A. 27. The above construction F defines a functor 



F : (y-Categories i / O — > Oplax(/, y-Categories)(r(p), F(p')). 
Proof. This follows from Lemma 4.10. 



□ 
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Proposition 4.11 specializes to the following. 
Proposition A. 28. F defines a 2-functor 



r : y-Categories J. (7 (g) 1) — > Oplax(/, F-Categories). 



We have seen in Example 2.61 that V-Categories/ can be identified with V-Categories i (/ <E) 1). By 
translating F for comma categories into F for comodules, we obtain the following corollary to Theorem 5.1. 

Theorem A. 29. Let V be a product type symmetric monoidal category. Then the 2-functor 



F : y -Categories J. (/ (g) 1) — > Oplax(7, V -Categories) 

is right adjoint to 

< < 

Gr : Oplax(/, V-Categories) — > V-Categories J. (/ (g 1). 
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